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An important class of flow and transport problems occurring in porous media involves the 
interactions between suspended fine particles and the moving fluid at Stokes limit. 
Historically, due to the complicated geometries of porous media, researchers have had to resort 
to simplifying assumptions to conceptualize the underlying physics. However, the advent of high 
performance computing, in recent decades, has made it possible to vigorously investigate this 
problem at the streamline scale level. In this work, the flow problem is solved by means of a 
finite-element model. The simulations results are used to compute the drag forces experienced by 
suspended fine particles.  
The drag force distributions experienced by suspended fine particles of different sizes in various 
compact granular porous media – ordered (simple cubic (SC), body-centered cubic (BCC), face-
centered cubic (FCC)) and monodisperse disordered packs are reported and discussed.  
It is concluded that, overall, the trends of the drag force distribution in the FCC pack are the 
closest to those of the disordered pack, despite the considerable difference in their porosity 
values. Moreover, analyzing the pressure and viscous fractions of the hydrodynamic force 
experienced by each individual fine particle, it is concluded that the locations where the largest 
deviations from the Stokes law occur in all the domains have the same spatial characteristic, such 
as close proximity to grain-to-grain contact points. Similar spatial characteristic is also seen 
regarding the locations of the smallest and the largest ranges of the drag force in all the different 
granular domains. It is also seen that the polar circulation zones, which only forms in the SC and 
the BCC packs, causes unexpected trends in the drag force distributions of particle, which are 




drag force predictions obtained via the Happel model. The results of the semi-analytical 
approach, more or less, capture the trend of the drag force distribution obtained via simulation in 
the FCC and ordered packs, however, the semi-analytical results can significantly underestimate 
the drag force experienced by the suspended, fine particles. The influence of neighboring 






Chapter 1: Overview 
Flow and transport in porous media is at the center of many areas of engineering and science. A 
few examples are filtration processes, hydrology, and chemical reactor design. The single, most 
important concern when modelling flow problems in real porous media is effectively capturing 
the microscale pore structure and transport behavior (where the physical processes are 
controlled) in the macroscopic parameters used in engineering design. Traditionally, empiricism 
and lumped-parameter models have addressed this concern. On the theoretical side, researchers 
have resorted to simplifying assumptions to approximate the computational domain (porous 
media).  
Today, advances in imaging technology and computational modelling capabilities are improving 
our ability to study fundamental microscale processes in an effort to interpret what we observe at 
larger length and time scales. One such process where this is occurring is the flow and transport 
of suspended, solid fines through granular porous media which is of interest to researchers in 
pharmaceutical, biochemical or energy industries. 
Modelling the flow of suspended fine particles in porous media requires a comprehensive 
understanding of how the local pore geometry and flow fields influence the suspended fine 
particles. Ultimately, the interaction of the fine particle and the fluid is reflected in the 
hydrodynamic drag force experienced by the fine particles. Detailed knowledge of these drag 
forces can be helpful in improving the existing theoretical models or even devising new models. 
Moreover, such knowledge is essential when embarking to perform more involved numerical 




particle trajectories at the fluid streamline scale). However, such detailed knowledge for 
suspended, fine particles through granular porous media is scarce, if available at all.  
Although the importance of local pore geometry, grain-to-grain contact points, overall porosity, 
etc. are noted by many authors, a vigorous, detailed study of the importance and influence of 
these structural parameters on the drag force experienced by suspended, fine particles is not 
available – even for the simplest type of compact granular porous media, simple cubic packs.  
While the history of research regarding the interactions between suspended fine particles and 
fluid in different geometries is decades long (Batchelor, 1972; Goren and O’Neil, 1971; 
Payatakes et al., 1974), the theory is severely limited in its application to real geologic materials. 
However, the advent of image-based modeling (Lane, 2011) and high-performance computing 
(Gourdain, 2009; Lawson et al., 2012) allow us to perform direct numerical simulations in high-
resolution images obtained from micro CT. Actually, while the work shown in here is focused on 
relatively, simpler materials (ordered and disordered compact granular materials), the developed 
tools and practice are designed for application to real materials which means this work can be 
extended to far more complex materials (e.g., Berea sandstone).    
In this work, our primary goal is to gain a fundamental understanding of how the combination of 
local pore geometry (e.g., different types of grain-to-grain contact points) and the resultant local 
flow fields influence the drag force experienced by suspended fine particles positioned in close 
vicinity of the constituent grains of the porous media. To this aim, different granular porous 
media are chosen to be analyzed. We devote a substantial portion of this study analyzing the 
behavior of the drag forces experienced by suspended fine particles in ordered porous media: 




been used in studies involving flow and transport through porous media because of their wide 
porosity range, and their well-understood structures which become helpful when interpreting the 
results. Because of their structural differences (porosity, coordination number, etc.), different 
flow fields are observed in each domain, consequently, different distribution of drag forces on 
suspended fines is obtained. Analyzing these detailed results, we consider the roles of the local 
pore geometry and the local flow fields in the drag force experienced by the suspended fine 
particles. Moreover, general conclusions regarding the grain-to-grain contact points and their 
effects on the drag forces experienced by fine particles are achieved. These conclusions are put 
to test upon considering the drag force distribution experienced by suspended, fine particles in a 
disordered pack.   
Additionally, the simulation results are compared with the predictions of the Happel’s model 
(most common method of drag force computation in colloidal filtration theory) to provide a first-
hand comparison of the results of the direct numerical simulation versus an approximate model.   
This thesis is divided into eight chapters. The first chapter is devoted to a general overview of the 
objectives of this work.  
Chapter two provides a review of the fundamentals and the issues involving particulate flow and 
the drag force experienced by suspended, fine particles through granular porous media at Stokes 
limit.  
Chapter three presents a brief overview of the finite-element method used in this work to solve 
the Stokes flow. Also, the method used to compute the drag force is presented followed by 




Chapter four provides an overview of the mesh generator used in this work. 
Chapter five states the problem of suspended fine particles in granular porous media with 
applications in colloidal filtration theory. Also, Happel’s model is explained. The rest of this 
chapter reports and discusses the drag force distribution on suspended fine particles of various 
sizes in different ordered packs.  
Chapter six deals with reporting and analysis of the drag force distribution of suspended fine 
particles of various sizes in a disorder pack. 
Chapter seven briefly shows how a suspended fine particle which is part of a cluster of 
suspended fine particles experiences a different drag force than when it is the sole suspended fine 
particle in the system. It is due to the effect of its neighboring fine particles on the local flow 
fields. Two examples of the clusters of fine particles are provided for further explanation of this 
issue. Moreover, a brief analysis of the direction of the total drag force vector acting on the 
suspended fine particles is undertaken.  It is seen that depending on the direction of the local 
flow fields, the fine particles can experience a hydrodynamic push away or toward the surface of 
the collector particle. The results are shown for both an ordered case and a disordered case.  







Chapter 2: Background 
In this chapter, an overview of the underlying physics and issues regarding the flow of solid, 
spherical particles through moving, viscous fluid are presented. The organization of this chapter 
is as follows:  
 A brief introduction to porous media and Stokes law is presented.  
 The influence of bounding walls on the drag force experienced by the suspended particles 
is discussed. 
 The influence of neighboring particles on the drag force experienced by a particle is 
discussed. 
  Application of cell models in colloidal filtration theory is discussed. 
2.1 Introduction 
Porous materials can possess complicated and unpredictable internal geometries in both solid and 
void phases. Because of applications that involve fluid flow through porous media, much 
attention has been given to understanding the characteristics of the void phase in both man-made 
and natural materials. Scheidegger (1957) categorized porous materials based on the connectivity 
of the void phase: interconnected or non-interconnected pores. Moreover, the pores can be 
disordered or quite homogeneously distributed throughout the porous media.  
To quantify fluid flow behavior, a porous medium needs to be described by a variety of 
geometrical properties. The most fundamental property is the fraction of the void phase to the 
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An important solid-phase property that affects the void phase structure is whether the material is 
consolidated (Figure 2.1) or unconsolidated.   
 
Figure 2.1. Synthetic sandstone created using simulated annealing algorithm. Porosity = 16.98%.  
Granular porous media are examples of unconsolidated porous media. Figure 2.2 shows an 
example of a computer-generated unconsolidated porous media. 
 




Porous material problems can span many orders of magnitude, for instance oilfield simulations 
may account for hundreds of km
2
 while the study of a biological membrane may be focused on 
scales of order 10
-5
m. Using the length scale considerations as the principal basis, the vast 
literature dealing with fluid flow in porous media can be classified into four distinct classes 
(Figure.2-3): streamline scale, pore scale, continuum scale and macroscopic scale.   
 
Figure 2.3. A schematic of different length scales used in analysis of fluid flow through geologic 
porous media. 
The equations of motion for creeping flow, or Stokes equations, govern the flow at the 
streamline scale for viscous, incompressible slow moving fluids. They express the fluid mass and 
momentum conservations:  
         (2.2) 
      (2.3) 
where u is the fluid velocity.  
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To nondimensionalize Eq. (2.4), the following scaling changes are done: scaling u by the free-
stream velocity of U, distance by a representative length of L of the body, and pressure by      
(Kundu and Cohen, 2002). The nondimensionalized values are as follows:  
    
 
 
                       
 
 
                          
    
    
 
(2.5) 
Upon substituting (2.5) in (2.4), the equation of motion becomes:  
  (      )            (2.6) 
Re=UL/µ is the Reynolds dimensionless group (it expresses the ratio of the inertial forces to the 
viscous forces). Assuming a very small Reynolds number (<< 1), the linear equation of fluid 
motion of Stokes (2.2) and (2.3) are obtained 
The Stokes equations are named after Sir G.G. Stokes who in 1851, for the first time,  provided 
the solution of the creeping flow around a rigid sphere moving with constant velocity through an 
unbounded, quiescent, incompressible, viscous fluid. This classic, steady-state, and axisymmetric 
fluid mechanics problem is the most well-known example of the interaction of a solid particle 
and its surrounding viscous fluid. According to this solution, the hydrodynamic drag force 
experienced by the rigid, spherical object (a = radius) moving at a velocity of U is: 
      (2.7) 
The same result applies to the case of a stationery spherical particle in a low-Reynolds, viscous 
fluid flow in an unbounded domain. The value for velocity in this case would be the velocity of 
the fluid far from the stationary particle. According to the derivation of the Stokes law, it is 
concluded that the fractions of the total drag force due to pressure and viscous stresses are one-




Since Stokes’ pioneering work, there have been numerous efforts to extend the Stokes solution to 
address different particle shapes, inertial flows, systems of multiple particles, non-rigid particles, 
or non-Newtonian fluids. The main lines of research are identified as follows:  
 Inclusion of the boundaries of the fluid flow motion: questions such as how the drag force 
experienced by a rigid particle inside a tube (that could have a varying cross-sectional area, 
or even porous walls) differs from the Stokes original experiment which was in a large tank 
(representing an unbounded domain).  
 Accounting for the influence of neighboring grain particles: questions such as how the drag 
force experienced by a constituent grain of the disordered granular medium of Figure 2.2 
differs from the values obtained via the Stokes law. 
In the following sections, an overview of the research in the two aforementioned areas is 
presented.  
2.2 Accounting for the Boundaries  
The three-dimensional problem of spherical particles moving in the proximity of boundary 
walls – inside cylindrical or rectangular channels at low-Reynolds limit – is of great interest in 
many areas, e.g., flow of blood cells in veins (Freund, 2014), motion of bubbles in a container, or 
sedimenting spherical particles (Leal, 2007).  However, the solution to this problem can only be 
obtained by accounting for the effect of the boundary walls. Initial efforts to solve this problem 
used analytical methods such as method of reflections to solve the Stokes equation in these 
domains.  In this method, successive approximate solutions of the fluid flow, as if the fluid 
extents to infinity are superposed on the known, exact Stokes solution in an unbounded domain. 




but the boundary conditions on the surface of the spherical particle are approximately satisfied.  
Because of its approximate nature, multiple formulae have been derived by different authors with 
different degrees of accuracy and practicality. However, regardless of the solution method, or its 
precision, one important, universal conclusion of all these investigations is that the drag force 
experienced by a sphere in a bounded domain is greater than the prediction of the Stokes law – if 
the particle’s Reynolds numbers are equal in both cases. The reason for this increased drag is the 
added resistance the fluid experiences to flow through the narrow gap between the surface of the 
solid particle and the bounding walls. For cases when this gap is small, a very large pressure 
gradient is needed to force the fluid flow through the narrow gap. Consequently, this makes the 
fraction of the total drag force due to pressure forces (the so-called form drag) to become larger 
than the 1/3 ratio obtained via Stokes’ Law. Coutanceau (1972) (mentioned in Clift, Grace and 
Veber, 1978, Page 222 ) reported that the boundary walls have a retarding effect on the 
formation of the attached re-circulatory wake of a moving sphere along the axis of a tube in an 
otherwise quiescent fluid. Moreover, Brenner (1961) showed that the hydrodynamic resistance to 
the approach of a spherical particle toward a solid, rigid flat surface is proportional to the inverse 
of the gap size when the gap size is small relative to the particle’s radius. A review of some of 
the most important works in this field is presented in the following sections.   
2.2.1 Moving Particle and Quiescent Fluid  
It seems the first researcher to treat this problem, when the center of the particle is located at the 
centerline in a quiescent fluid, was Ladenburg (1907) (mentioned in Smoluchowski, 1911) who 
obtained the following correction to the Stokes law: 





   
               
           
 
(2.9) 
The correction to Stokes Law of Resistance is usually reported as a wall correction factor (K), 
expressed as follows:  
   
                       
                         
  
(2.10) 
It should be noted that K has been referred to with other names in the literature as well: wall drag 
multiplier (Feng & Michaelides, 2001), drag coefficient (Zick & Homsy, 1982), or wall drag 
factor (Paine & Scherr, 1975). 
Ladenburg result can be expressed as        . Using the same analytical method, Faxen 
(1922) improved the drag force approximation. However, his expression is only valid for small 
values of       , which was still an improvement over the Ladenburg’s validity range of  
       
            
     
                       
 
(2.11) 
Bohlin (1960) obtained a higher order approximation (valid for      ) for the wall correction 
factor using the same analytical method:  
   
 
                                                         
 
(2.12) 
Haberman and Sayre (1958) computed the exact values of K for the case of a moving spherical 
particle at the centerline of an infinite cylindrical tube (valid         ). 
   
           






All of the above wall correction factors (K) are for the case of a moving spherical particle along 
the centerline of a cylindrical tube in a quiescent fluid. It is conventional to refer the wall 
correction factor for this specific case as K1. 
Paine and Scherr (1975), using the method of Haberman and Sayre but maintaining the first 14 
equations of the infinite set, compared to the original work which used the first 8, computed the 
values of K1 to for a full range of    from zero to 0.9. Their tabulated results are plotted in 
Figure 2.4. 
 
Figure 2.4. Wall correction factor (K1) versus the size ration for a rigid sphere moving axially in 
a circular cylindrical container. (Plotted based on the tabulated data of Table I of Paine and 
Scherr, 1975.) 
Experimental investigations of this problem (Iwaoka & Ishi, 1979; Ambari et al., 1985) have 
shown a good agreement with the theoretical solutions too. Iwaoka & Ishi concluded that the 




measurements except for very small clearances between the solid sphere and circular cylinder, 
and the fluid resistance force for a  macromolecul in restricted diffusion can be precisiely 
measured.” However, for closely fitting particles in a tube, more involved mathematical analysis 
such as singular perturbation theory is needed.        
2.2.2 Stationary Particle and Moving Fluid  
This case is a special case of a moving particle and a moving fluid, where the particle velocity is 
zero, it will be discussed in the following section. 
2.2.3 Moving Particle and Moving Fluid  
The flow of one spherical particle in a homogeneous shear flow that extends to infinity is 
considered the simplest form of particulate flow problems. The presence of the particle 
introduces a disturbance in the system which vanishes at infinity. The boundary conditions that 
state the velocity and pressure at infinity are asymptotically the same as the velocity and pressure 
of the undisturbed flow: r is the distance from the origin ; p
0
 is the undisturbed pressure field; v
0
 
is the undisturbed velocity field. 
v = v
0
, p = p
0
 as r → ∞                                                                                                             (2.14) 
Another boundary condition arises from the no-slip boundary condition on the surface of the 
rigid particle: 
v = U0+ Ω×r       on the sphere surface (2.15) 
U0 is the particle translational velocity and Ω is the angular velocity at which the particle is 
rotating. If the Stokes equations of motion are solved with the above two boundary conditions, 
the resulting velocity and pressure solutions can be used to obtain the stress tensor: 
        (  )   (  )    (2.16) 
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(2.17) 
where dS is a directed element of the surface area. The calculation yields (Cox & Mason, 1971):  
                (  
    ) (2.18) 
where   
  is the velocity of the undisturbed velocity at the center of the spherical particle. An 
interesting conclusion of these results is the fact that the drag force on the particle in a simple 
shear flow (another name for the homogenous shear flow) is independent of the rate of strain. 
Brenner noted that this is due to the “isotropic symmetry” of the spherical particle, and it is not 
observed for non-spherical particles.  
Moreover, when the undisturbed fluid motion is at zero Reynolds number and unidirectional, the 
force on the spherical particle is collinear with the flow direction and no lift, sideway or lateral 
force is possible as explained by Happel & Brenner (1958), Bretherton (1962) and Saffman 
(1965). Therefore, when Segre & Silberberg (1962) famously showed experimental results that 
lateral migration of neutrally-buoyant spherical particles in a pressure-driven, laminar tube flow 
occurs, many researchers tried to explain and understand the underlying physics of this 
phenomenon – commonly referred to as tubular-pinch effect. (This phenomenon has been 
referred to as Segre-Silberberg effect, inertial drift, Segre-Silberberg annulus, or lateral migration 
in the literature as well.)  
The original experiment of Segre & Silberberg involved a series of experiments on the behavior 
of spherical rigid particles at low to moderate Reynolds numbers (1.85 to 694) in tube flows with 
the mean particle diameters of 0.32, 0.80, 1.21 and 1.71 mm. They observed that at Reynolds 




a radial distance of 0.6 of the radius of the tube from the centerline regardless of the initial point 
of entry of the particle in the tube.  
Goldsmith and Mason (1962) did experiments with particles of different shapes such as spheres, 
discs and rods undergoing a tube flow. The spherical particles in their experiment had mean 
diameters of 0.0092 and 0.0106 mm. They observed no radial migration. It was later concluded 
that their observation is due to very low particle Reynolds number, less than 0.0001 (Brenner, 
1966).  
As for the problem of the particle motion in an inhomogeneous shear flow, such as a tube flow, 
Haberman and Sayre showed that the drag force experienced by the particle translating at the 
centerline is:  
                (                    ) (2.19) 
where K2 is: 
    
                  
                                     
 
(2.20) 
They reported tabulated results of K2 for                                      , which was 
later confirmed by Wang and Skalak (1969). Noting that the results of Haberman & Sayre are 
not accurate for values of >0.6, Paine & Scherr (1975) provided the values for K2 for a full 
range of 0 to 0.9 (Figure 2.5).  
If the particle of interest is stationary, then           will be zero, and the drag force on a 





Figure 2.5. Wall Correction Factor (K2) versus the size ratio for a rigid sphere moving axially in 
a circular cylindrical container filled with moving liquid. (Plotted based on the tabulated data of 
Table I of Paine and Scherr, 1975.) 
2.3 Accounting for the Presence of Neighboring Particles 
Understanding creeping flow through solid, spherical particles arranged in ordered or disordered 
arrays is of great interest in various fields: water flow through porous media and soil (Roth 
2008), enhanced oil recovery methods (Thomas 2008), essentially, understanding the fluid flow 
through porous media is fundamental in predicting the seepage. 
When the porous medium is treated as a continuum, satisfactory results are obtained using 
Darcy’s equation of motion. However, the geometrical complexity of the medium and inter-




Therefore, accurate macroscopic prediction of fluid through porous media is not possible without 
accurate permeability values. Consequently, there have been many efforts to link permeability 
with geometrical parameters such porosity, internal surface area, etc. These efforts can be 
classified into the following categories:  
 Empirical Correlations 
 Capillary Models 
 Hydraulic Radius Models (Kozeny Model)  
 Statistical Theories 
 Drag Theory of Permeability 
These theories are all applied in different areas, however, in chemical engineering, drag force 
relations (the final class mentioned above) are commonly used to predict the flow behavior of 
liquid through fixed or fluidized beds of granular or fibrous media, or to predict the pressure loss 
through the packed bed. For example, to understand what triggers a fluidization event, 
understanding the shear-induced drag force on constituent grains of a granular structure is of 
utmost importance, but it requires the solution of the Navier-Stokes equations in complicated 
geometries, which is a formidable task (Battiato & Vollmer, 2012).   
In “Drag Theory,” the solid boundaries of pores are treated as obstacles to fluid flow. The drag 
experienced by these obstacles can be predicted using the pore-scale equations of motion such as 
Stokes equations, and the sum of all these resistances to the fluid is thought to be equal to the 




2.3.1 Regular Arrays of Spheres 
The simplest case of flow through a multi-particle system belongs to periodic arrays of 
monodisperse spherical particles at Stokes limits (Re = 0), which results in an equal drag force 
experienced by all the constituent particles. Due to their relative simple structures, periodic, 
ordered packs have been used by numerous researchers in the field of flow through granular 
porous media.  
Sahimi (1995) notes, “Almost all the available exact results for the effective flow and transport 
properties of continuum media are for those in which fluid flow or transport occurs in the pore 
space between spatially-periodic arrays of spherical or cylindrical particles of radius R, with their 
centers placed at the nodes of a regular lattice, for example, the simple-cubic (SC) lattice.”  
One of the early investigations regarding the drag force experienced by constituent grains is by 
Hasimoto (1959) who used an asymptotic expansion method to obtain the drag force on a 
constituent grain in a periodic domain of simple-cubic packing (SC), body-centered cubic 
packing (BCC), and face-centered cubic packing (FCC). Defining the porosity ( ) of the packing 
as in equation 2.1, the solid fraction of the packing is defined as: 
       (2.21) 
With the above notation, the results of Hasimoto are expressed using the concept of the wall 
correction factor, K = (Drag force on a grain)/(Stokes law):   
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(2.24) 
The validity of the above equations are limited to highly dilute packings (     ). Sangani and 
Acrivos (1982) modified and improved Hasimoto’s method to obtain drag force in these arrays 
over the whole range of . Their results are in good agreement with the experimental data 
(Susskind & Becker, 1967). They also solved the same problem for square or hexagonal array of 
parallel circular cylinders with the same method. Their result for the case of SC (valid for      ) 
is:  
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(2.25) 
Sangani & Acrivos’s results for the SC, BCC and FCC lattices are convergent for up to 
  =         , where      is the maximum solid fraction that can be achieved when all the 
grains are in contact with each other. For SC, BCC and FCC packings,      is, respectively, 
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   and 
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    By reducing the Stokes equations into their equivalent integral equations – 
a method pioneered by Youngren & Acrivos (1975) to compute drag force on an isolated solid 
body – Zick & Homsy (1982) obtained the drag force as a function of porosity for a whole range 
of solid fractions of SC, BCC and FCC packs (Figure 2.6). Their results agree well with those of 
Sangani & Acrivos.  It should also be noted that due to periodicity of their computational 






Figure 2.6. Wall correction factor plotted versus the porosity of the medium. The curves for 
various structures end at the maximum porosity corresponding to the closest packs. ----, simple 
cubic. – – O, body-centered cubic; –.– +, face-centered cubic; ––– Carman correlation. 
f()=(1-)
(1/3)/ 
. Source: Table.2 of Zick & Homsy (1982). 
Moreover, Zick & Homsy provide a comprehensive analysis of the stress distribution on the 
surface of the constituent grains for the case of the closest packings by decomposing stress into 
three orthogonal directions of x, y, and z. Although their analysis does not differentiate between 
the pressure and viscous fractions of the hydrodynamic drag force, it is still immensely 
enlightening. They report that the shear stress is minimal at the point of grain-to-grain contact, as 
expected, and maximal at the open space area between the contact points, which in their opinion 
is similar to a channeling effect due to the microstructure. Ultimately, upon analyzing the stress 




FCC geometries, they conclude that the more complex the local microstructure of the granular 
packing becomes (which can be thought of as higher coordination number for each grain), the 
more uniform the fluid distribution in the lattice becomes. While noting that the results of the 
closely-packed FCC structure is the closest to the experimental results of drag force on grains of 
random packings, Figure 2.6 serves to demonstrate that for porosities higher than 50%, 
predictions of the empirical Carman correlation  are in good agreement with their results too.  
In the absence of knowledge of the fluid flow at pore-scale level through disordered packings, it 
is reasonable to approximate the flow behavior by resorting to Zick & Homsy or similar “exact” 
solutions such as the hydrodynamic cell models (Happel, 1958).  
Hill et al. (2001a) used lattice-Boltzmann numerical simulations to study the drag force in 
ordered arrays of spheres. Their results at both dilute and compact limits of porosity are in 
excellent agreement with those of Zick and Homsy (1982) and Sangani and Acrivos (1982). 
They also investigated the first effects of fluid inertia on the drag force. They confirmed that the 
first inertial contribution to the drag force on the spheres is proportional to Re
2
. Comparing the 
simulations results in both SC & FCC packings, they conclude that the first inertial contributions 
to the drag force do not depend significantly on the microstructure.  However, they also conclude 
that the early effects of inertia on the drag force experienced by the particles diminishes as the 
porosity values are decreased, for the increase in the Stokes-drag force will be significantly more 
dominant than the early inertial contributions. 
Hill et al. (2001b) extended their work to include higher Reynolds-number flows up to  (   ). 
For face-centered cubic arrays, the drag force on each particle is dependent on the flow direction. 




observation because in the absence of inertia, the flow direction has no effect on the drag force 
experienced by the particles. Essentially, this observation highlights the effect of the 
microstructure on the fluid flow behavior. Furthermore, they found a linear relationship between 
the drag force and the Reynolds number for moderately dense packings. By comparing the 
results of FCC with that of the empirical correlations, they found that the drag on FCC packs at 
inertial flow is less than random arrays of particles, which is quite a departure from when the 
inertial forces are ignored.  
 For the case of simple-cubic arrays, they found that the drag force is also dependent on the flow 
direction, similar to the case of face-centered cubic arrays; this drag force is minimal when the 
flow direction is along the primary axis. They found that with decreasing porosity, the flow 
fields become more complex at moderate Reynolds numbers. Moreover, they point out that the 
drag force on a constituent grain is less than that of an isolated sphere in an unbounded domain. 
They explain that this observation is due to the interaction of the wakes with the downstream 
particles.   
Recently, Pepiot & Desjardins (2010), using an immersed boundary technique, found good 
agreement between the results of their simulations of flow fluid through SC packings with those 
of Hill et al. However, they point out that the LB results are generally higher because they were 
obtained using a coarse grid. They mention that grid refinement leads to lower drag forces.    
2.3.2 Irregular Arrays of Spheres  
To compute the drag force experienced by constituent particles of an irregular or random array of 




to view the porous medium as a bundle of tubes in dense systems, one could view a dilute 
assemblage of spherical particles as a collection of many submerged objects.  
Taking the submerged view of particles, Batchelor (1972) calculated the average drag force on 
particles of a very dilute assemblage of spherical particles as follows: 
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(2.26) 
However, for dense systems, the Carman (1937) equation is widely used:  
   




This equation is derived from the concept of hydraulic radius as defined by the Carman-Kozney 
equation. While the Carman equation provides a fairly accurate description of solid-fluid drag, it 
has several limitations, namely, 1) it is only valid for dense systems as evident from the fact that 
it breaks when     , 2) it is based on the assumption that all pores are channels of equal width 
(which is usually referred to as hydraulic radius), 3) it assumes the system is isotropic; therefore 
the flow direction will not affect the drag force predictions. But, in reality, heterogeneity of the 
porous media makes such simplifying assumptions questionable.  
For very dilute random sphere packs (        ), Kim & Russel (1985) derived the 
following relation for the non-dimensional average drag: 
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(2.28) 
One of the early drag relations developed for a wider range of porosities is the well-known 
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(2.29) 
which overpredicts the drag force for       and diverges at        
Koch & Sangani (1999) proposed a new drag force relation which is basically the same as 
Carman equation except for porosities greater than 0.6. Their relationship has been verified by 
LB simulations (van der Hoef et al, 2005). 
Van der Hoef et al. (2005) suggested the following expression to accurately predict the average 
non-dimensional drag force for a wide range of porosity for monodisperse granular structures 
(0.00    0.70): 
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(2.30) 
Their relations were shown to have 3% deviation from the LB simulation (Ladd 1990) results 
and perturbation theory (Mo & Sangani, 1994).   
Van der Hoef et al. extended their work to include bi-disperse packings as well. They derived a 
new drag force formula for the average drag force of periodic packed beds consisted of bi-
disperse spherical particles.   
This new drag force is expressed by specifying a correction term multiplied by the drag force 
relation for the mono-dispersed systems. The number of particles in their simulations ranged 
from 64 to 1000. The diameter ratio of the bi-dispersed packs ranged from 0.250 to 0.700.  The 
porosity ranged from 0.4 to 0.9. Van der Hoef et al. drag formula was shown to be in good 




More recently, Yin & Sundaresan (2009) improved the drag laws for poly-disperse spherical 
packed beds consisting of three or more particle sizes using a modified version of the lattice-
Boltzmann code developed by Ladd. They also investigated packed beds with particle-particle 
relative motion while assuming no collision or friction among particles. According to their 
results, if particle-particle interactions are not considered in modeling poly-disperse suspensions 
at low Reynolds numbers, the computed drag force could result in relative errors as large as 23%, 
compared to when particle collisions are taken into account.    
2.3.3 Hydrodynamic Cell Models 
Until the last two decades of the twentieth century, computational power was inadequate to 
model transport phenomena in porous media, but, there has always been high industrial demand 
for understanding the complexities of pore structure and their effect on the transport phenomena 
(Coutelieris & Delgado, 2012).  
The idea behind circumventing the geometrical complexities of the porous media is called the 
cell model approach which allows the researchers to analyze the flow field inside a 
“representative” cell that most often contains one single particle.  
While cell models have been devised and used for non-spherical particle packings such as 
cylinders (Jackson & James, 1986), within the framework of sphere-in-cell models, the 
dimension of the cell and the interior particle are chosen in a way to reflect the porosity of the 
granular packing. Therefore, radii of the particle and the cell, Rparticle and RUnit Cell, are chosen 
according to:  







Figure 2.7. Visual representation of a cell model of a granular porous medium. 
The cell models are based on the idea that a large enough concentration of particles ( > 0.60) 
within a fluid can be represented by many separate, independent unit cells, where every unit cell 
contains one single particle.  
While Zholkovsky et al. (2007) distinguish between cell models for regular granular packs (they 
consider Zick & Homsy’ work of such category) and irregular or random packs in passing, the 
most contentious issue is the choice of boundary conditions in the unit cell. Independence of the 
unit cells is an important characteristic of cell models that is manifested in the choice of 
boundary condition of the cell model. According to Happel & Brenner (1973), a cell model 
“should not require energy exchange” with neighboring unit cells or it is not “properly 




For the case of fluid flow through stationary spherical particles, Happel (1958) & Kuwabra 
(1959) separately proposed a cell model where both the cell domain and the interior particle are 
spherical. They reduced the complicated problem of flow through an assemblage of spherical 
particle into an axially symmetric flow which has simple analytical solutions for Stokes flow, 
therefore, it can be readily used for calculating pressure loss, and heat & mass transfer. 
In both of these models, the interior sphere has a no-slip boundary condition, but their boundary 
conditions for the exterior shell are different. Happel assumes a zero radial velocity and shear 
stress on the outer boundary. Kuwabra assumes zero vorticity on the outer boundary. 
Consequently, the Happel’s model does not require any exchange of mechanical energy between 
the cell and its surrounding, while the Kuwabra’s model requires an exchange of mechanical 
energy between the cell and its surrounding. The reason why Happel’s model is extensively more 
popular than the Kuwabra’s model (Coutelieris & Delgado, 2012) can be traced to this fact that 
the independence of the unit cell is maintained in the Happel’s model unlike Kuwabra’s.   
Happel’s model has been successfully used to predict pressure loss in granular porous media 
(Happel, 1958; Neale & Nader, 1974). But, it has also found use in various other fields as well: 
investigating effective viscosity of suspensions (Ruiz-Reina. 2003), elecktrokinetik phenomena 
(Masliyah & Bhattacharjee, 2006), flow through fibrous materials (Ethier, 1991), and colloidal 
filtration theory (Nelson & Ginn, 2001).    
2.3.3.1 Application of Cell Models in Colloidal Filtration Theory 
Granular filters have been used to remove solid pollutants from drinking water since early 1800s. 
Despite the long history of use of granular filters, the mechanisms responsible for particle 




It is known that particle trapping through granular filters involves the following mechanisms: 
interception, diffusion, straining and impaction. Moreover, it is known that in liquid deep bed 
filtration, inertial forces are negligible (Tien, 1989). Therefore, the flow field is governed by 
Stokes equations of motion in this type of filtration operation.  
It is found that the transport process of pollutant particles – when their size is of 10
-6
 micrometer 
(usually referred to as non-Brownian size particles in the literature) – is dominated by gravity 
and fluid drag forces and, consequently, by interception due to the finite size of the pollutant 
particles (Yao et al., 1971; Tien, 1989). 
There are different theoretical models to analyze the deposition of particle in granular filters 
(Rege & Fogler, 1988). A popular approach is the Trajectory Analysis Model. This model is 
based on the idea of Yao et al. (1971) that for particle deposition, the filter medium can be 
modelled using a hydrodynamic cell model. Payatakes et al. (1974) and Rajagopalan and Tien 
(1976) developed a methodology to estimate the rate of particle deposition using a Lagrangian 
particle trajectory analysis. As the hydrodynamic drag forces play an important role for the case 
of non-Brownian particles, in this model, Payatakes et al. accounted for the effect of boundaries 
on the suspended colloidal particle. These boundaries are, indeed, the solid boundaries of the 
pore structure that cause the drag force experienced by the pollutant particles (colloidal particles) 
deviate from the prediction of the Stokes law. 
To account for the deviations from the Stokes drag law, Payatakes et al. and Rajagopalan and 
Tien incorporated exact solutions of Stokes equations (Goren and O’Neill, 1971; Goldman et al., 




is in the vicinity of a flat plate. Together the sphere and the flat plate confine a semi-infinite 
incompressible viscous fluid. 
To use these correction factors for Stokes, the velocity expressions obtained for Happel’s cell, 
the flow field must be of the following form: 
       
   (2.32) 
        
   (2.33) 
where y is the distance from the center of the particle to the collector surface.  A, B and D are 
coefficients which are dependent on the radial and the angular coordinates. They can be obtained 
upon approximating the exact solutions of flow field in Happel model in the form of equations 
2.32 and 2.33. Once A, B and D are known, one can easily obtain the drag force using the 
following expression by Goren & O’Neill (1971): 
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f1 ,f2 and f3 are universal hydrodynamic functions, which are in fact corrections to the Stokes law. 
They are given as functions of non-dimensional distance of the separation distance of particle 
and the collector. 
        (2.36) 
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Payatakes and colleagues (1974a and b) have noted that the Happel model of the granular porous 
medium is not the most realistic choice for Particle Trajectory Analysis model, and tried to 
extend their methodology to include other models of the porous medium such as capillary tube 
and constricted tube (Payatakes, 1973; Payatakes et al., 1974; Rajagolapan & Tien, 1976; Tien 
and Payatakes, 1979), however, computing any accurate computation of thee hydrodynamic drag 
forces on the suspended colloidal particles through a random granular medium (a typical deep-
bed filter) requires accurate solutions of the flow fields, and approximate views of the porous 
medium are not going to capture the complexities of the pore space in random granular media. 
Moreover, the analytical formulae of Goren & O’Neil and Goldman et al. are all obtained for 
highly idealized domains, which do not consider the complexities of pore geometry. However, 
such analytic formulae are still widely used in the literature, to varying degrees of success, to 
investigate the effect of hydrodynamic drag on suspended particles (Torkzaban et al., 2007 and 
2008; Kemps et al.,2009; Su et al., 2010; Lane et al.,2009).  
It should be noted that the original publication of Rajagopalan and Tien (1976) and a later review 
by Payatakes and Tien (1979) contained hidden constant (flow field approximations, constants 
used in the collector efficiency expression), and typographical errors. These issues are explained 





Chapter 3: Finite Element Method 
3.1 Introduction  
Stokes equations of motion are solved using an in-house developed finite-element solver which 
works with tetrahedral mesh elements. The numerical mesh is created using an in-house mesh 
generator that creates an unstructured mesh consisted of tetrahedral elements.  
I assisted the developers in charge of the finite-element solver and the mesh generator, 
respectively, Dr. Nathan M. Lane and Prof. Karsten E. Thompson – to adapt their programs to be 
used for this work.  
The finite-element solver used in this work is explained in detail by Lane (2011), however, a 
brief overview of its basics along with a detailed explanation of how the drag force is computed 
numerically is provided below followed by an explanation of the mesh generator and its 
adaptation for granular porous media. 
3.2 Finite-Element Solver 
The Stokes equations governing the fluid motion are expressed using a stress-component form 
(stress-divergent form). The advantage of this manner of expressing the Stokes equations is 
because this approach leads a natural boundary condition that represents true (physical) traction 
on boundary surfaces.  
The stress-component form of Stokes equations are as follows: 
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(3.2) 
Where   and   are defined as normal and shear stresses respectively: 
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A Bubnov-Galerkin approach is used to solve the above equations using finite-element method. 
This approach employs P1-P2 tetrahedral elements. In this type of elements, pressure is defined 
at the six vertex nodes of the tetrahedral elements while the velocity vector is defined at the six 
vertex nodes and the four mid-nodes. Consequently, the pressure solution is obtained using a 





Figure 3.1.a) Schematic of a tetrahedral element and its four vertices where the pressure is 
defined.  b) Schematic of a tetrahedral element and its 4 vertices and six mid-nodes where the 
velocity if defined. 
As the partial differential equations expressing the Stokes equations are difficult to integrate over 
complicated boundaries – such as flow through a random granular pack – a weak form of the 
Stokes equations which satisfies the original partial differential equations of Stokes and the 
natural boundary conditions it is connected to over the boundary must be obtained. The next step 
is discretizing the weak form equations to be used in the finite-element programming.  It is 
customary to express the final results in a matrix form:         where:  
A = (  
 
  






The components of the velocity vectors (u, v and w) and the pressures (p) are the unknowns. The 
right-hand side of the equation, B, is obtained from the applied traction on the boundaries of the 
domain. In the coefficient matrix, A, all the component such as K, B and B
T
 are obtained directly 
from the discretized form of the weak formulation of the Stokes equations (explained in detail in 




Each row of the coefficient matrix, A, corresponds to an equation that needs to be solved, and the 
columns of the coefficient matrix are as many as the number of nodes where the velocity vector 
and pressure are not known.   
Using the PARDISO solver – a shared-memory parallel, direct solver, included in the Intel Math 
Kernel Library – the resultant system of linear of equations is solved. These computations were 
done using the resources available at the High Performance Computing Center of the Louisiana 
State University: Super Mike II and Philip clusters. 
3.2.1 Drag Force Computation 
The drag force vector acting on any solid surface can be directly computed upon summing the 
traction vectors associated with any of the surface nodes making up the solid surface. However, 
to do so, the velocity and the pressure fields must be known. In practice, all that is needed to be 
done to obtain the drag force is to perform a simple product operation: 





)    
The elements of the matrix A
F 
are obtained in the same fashion as the elements of coefficient 
matrix A are obtained, but unlike matrix A, the rows of A
F
 are associated with the surface nodes 
making up the solid surfaces of interest. X is the nodal traction vector.  
In our work, the numerical mesh generator is programmed to label the nodes according to their 
spatial position. That is the nodes making up the void phase, the inlet boundary, the outlet 
boundary, the bounding walls, and the internal solid surfaces are distinguished using unique tags. 




spherical particle is given its own unique tag, meaning all the nodes making a specific spherical 
particle share on unique tag. This feature facilitates the process of computing drag forces on any 
solid object/surface of interest.    
3.3 Validation of the Drag Force Computation Scheme 
There are a few well-established fluid mechanics problems involving the interactions between 
spherical particles and the surrounding fluid, which can be used as benchmark problems to 
validate our numerical method of drag force computation. (Some of these problems are discussed 
in the background chapter.)  
In order to test our tools for the case of free particles inside a porous medium in Stokes flow, a 
set of benchmark problems were chosen from the literature and solved numerically: 
1. Moving Fluid/Stationary Particle (Spherical particle located at the centerline of a tube) 
2. Stationary Fluid/Moving Particle (Spherical particle moving at the centerline of a tube) 
3. Rotating Particle in an Stationary Fluid in a tube 
3.3.1 A Spherical Particle in a Tube   
The problem of the drag force experienced by a (moving or stationary) spherical particle located 
at the centerline of a cylindrical tube has been solved by numerous authors (Bohlin, 1960; 
Haberman & Sayre, 1958).  Bohlin reported the following formula to estimate the drag force: 
         








U is the particle’s velocity. V is the fluid velocity. Viscosity is µ. f and g are function of the size 
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 (3.4c) 
Both problems of a moving particle in a quiescent fluid (V = 0) inside a cylindrical tube and the 
stationary particle (U = 0) in a moving fluid inside a tube can be solved using the Bohlin 
formula.   
The results of validating our code versus the analytical values of Bohlin formula are presented in 
Figures 3.2 and 3.3.  
 
Figure 3.2. Results of drag force values experienced by a moving spherical particle located at the 
centerline of a tube inside of a quiescent fluid at different size ratios (a/R) obtained via 





Figure 3.3 Results of drag force values experienced by a stationary spherical particle located at 
the centerline of a tube inside of a moving fluid at different size ratios (a/R) obtained via 
simulations versus the analytical drag results obtained by Bohlin (1960). 
As evident by Figures 3.2 and 3.3, the drag force values, computed using our numerical method, 





Chapter 4: Meshing 
4.1 Introduction  
Finite element method (FEM) is the most common technique used by the mechanics community. 
It is also used for CFD modeling (Hu, 1996; Lane, 2011; Gunzburger, 2012). In addition to its 
significant theoretical foundation, FEM has a number of advantages, which make it an ideal 
candidate for modelling physical and chemical processes through porous media:  
 Its ability to handle complex geometries; 
 The convenience of local refinement operations; 
The need for the mesh to resolve complex geometries is of utmost importance for modelling 
transport phenomena problems occurring in porous media, but the local grid refinement becomes 
important considering the multi-scale nature of transport phenomena in porous materials and 
computational concerns. For example, local grid refinement allows for coarse modeling of flow 
over a large section of the pore space (to capture only the general flow pattern); simultaneously, 
a very detailed picture of the flow fields around a suspended, fine particle, which has a radius of 
1/100 of the average pore diameter or smaller, could be obtained by using local mesh refinement 
(Thompson, 2006).   
With FEM, the aforementioned attributes (complex geometries and local refinement) are 
achieved through the use of unstructured meshes. Historically, however, the mesh-generation 
step is responsible for a significant fraction of the total time and effort needed to perform 




The meshing techniques must be automated to be useful in a general sense. In addition, they 
must be sufficiently robust so as to capture the complex and varied pore structures that are 
observed in real materials. 
4.2 Unstructured, Conforming Meshes  
While hexahedral elements are generally preferred where possible (for reasons related to the 
numerical approximations) for three-dimensional FEM analysis, they happen to be semi-
structured, which makes them less desirable for highly complex geometries (Thompson, 2006). 
Consequently, we use tetrahedral meshes (which are analogous to triangulations in 2D) in our 
meshes. Moreover, the Delaunay triangulation technique is used to aid us in creating 
tetrahedrons. Figure 4.1 is a 10,000-point, three-dimensional, periodic Delaunay tessellation, 
which we use as a starting point in our meshing scheme. The tessellation is built on a series of 
points that are taken from a random sphere packing. This approach gives the tetrahedrons the 
regular size and shape seen in this example. 
 




The single biggest problem in mesh generation is to force the mesh to conform to complex 
boundaries of objects in the simulation domain. A conforming mesh means that tetrahedrons are 
either inside or outside of the objects(s) being meshed. The surface of objects is defined by the 
faces and edges of the tetrahedrons. Additionally, if the problem involves moving boundaries 
(multi-phase flows), the task of re-meshing after each time step adds a major computational 
burden (Thompson, 2006). 
4.3 Mapping surfaces onto Unstructured Meshes  
An easy-to-visualize example problem is the following: Imagine placing a single sphere in the 
center of the box shown in Figure 4.1. A mesh built around this sphere (Figure 4.2) can be used 
for modeling flow around the spherical particle. 
 
Figure 4.2. The set of tetrahedrons (from Figure 4.1) that are intersected by an inset sphere. 
It should be noted that the points used for the Figure 4.1 tessellation were generated irrespective 
of the object to be modeled (the sphere). Therefore, they cannot create a conforming mesh. The 




1. Tetrahedrons that lie outside the sphere; 
2. Tetrahedrons that lie inside the sphere; 
3. Tetrahedrons that are intersected by the sphere surface. 
For of all the tetrahedrons shown in Figure 4.2, two distinct intersection geometries exist:  
 One vertex is inside or outside the sphere; the other three are on the opposite side of the 
surface. The sphere surface intersects three edges in the tetrahedron. (Figure 4.3a) 
 Two vertexes are inside the sphere; two lie outside the sphere. The sphere surface 
intersects four edges of the tetrahedron. (Figure 4.3b) 
 
Figure 4.3 (a) One vertex is inside the surface; (b) Two vertexes are inside surface.   
The sphere-edge intersection points can be used to generate one or two planes that are linear 
approximations of the intersection of the sphere surface with the tetrahedron element. Given the 
list of tetrahedrons shown in Figure 4.2, mapping the object’s surface onto a non-conforming 
mesh is straightforward: the edge-sphere intersection points for each tetrahedron are found, then 
the planes approximating the surface are computed. This process guarantees a set of continuous, 




A key point to emphasize is that this algorithm requires only a signed distance map of the porous 
material, which is readily available for many types of computer-generated or imaged porous 
materials (Thompson, 2006).  
For example, Figure 4.4 contains the projection of the sphere surface onto planar elements within 
all the tetrahedrons shown in Figure 4.2. These interlocking tiles are irregular because of 
variations in the distance between the sphere surface and points in the original tessellation. 
Further work is underway to make these shapes more regular by controlling the distribution of 
tessellation points.  
 
Figure 4.4 Projection of the sphere surface onto planar surfaces passing through the tetrahedrons 




Another example is shown in Figure 4.5. It contains an image of two slightly overlapping 
spheres. This image shows how the projected faces smooth the surface at the cusp where the two 
spheres meet. The cusp area can be resolved more accurately by adding points near (or even on) 
the cusp. 
 
Figure 4.5 Surface discretization of two spheres.  
For the hypothetical example given earlier (modeling flow around the embedded sphere), we are 
interested in the tessellated volume outside the sphere – not just the surface projection. This 
volume cannot be visualized effectively when the sphere is in the center of the box (because it is 
completely surrounded by tetrahedrons). So, to visualize this external meshed volume, the sphere 
was moved from the center of the domain onto the center of the front face of the domain. Figure 
4.6 shows all the volume outside the sphere, which includes four types of polyhedrons: 




• smaller tetrahedrons that are cut off when one vertex is left outside the surface with three 
inside;  
• pentahedrons that are cut off when two vertexes are left outside the surface with two inside; 
• pentahedrons that are cut off when three vertexes are left outside and one inside. 
 
Figure 4.6 The set of polyhedrons that lie outside a sphere placed on the front face of the domain. 
This external volume is composed of tetrahedrons from the original tessellation (Figure 4.1) in 
addition to the pieces of tetrahedrons left outside when they are cut in two by the sphere surface. 
4.4 Local Refinement   
Analyzing drag forces experienced by suspended particles inside porous media is a task 
extremely dependent on the accuracy of the surface mesh making up the suspended particles.  To 
this aim, several local refinement features were added to our general meshing scheme to improve 
the quality of our meshes:  
 Shell feature; 




4.4.1 Shell Feature  
In order to better create numerical meshes of spherical objects, of different sizes, a local 
refinement scheme was developed to create spherical shells of different resolutions. This feature 
is greatly useful for simulations involving systems of spherical particles of varying sizes. It is 
especially useful when dealing with suspended fine particles inside porous materials. Using this 
feature, one can create highly refined spherical shells regardless of the overall mesh resolution, 
therefore allowing vigorous analysis of the flow fields at the local level.   
The input parameters that the user need to provide the shell feature scheme are as follows: 
 Cartesian Coordinates of the Center of the Spherical Shell. 
 Radius of the Spherical Shell. 
 Node Spacing: It controls the resolution of the mesh. 
 Thickness of the Buffer: It decides how far away from the shell radius the points are to be 
inserted. 
 Decay Exponent:  It decides the rate at which the density of the inserted points are to be 
governed.  
 Extent of the Point Insertion: It decides the extent, inward and outward, from the spherical 
shell where the initial points are to be inserted. 
Figure 4.7 shows the mesh of a suspended fine particle, which its radius is 100 times smaller 
than the radius of an average grain in the domain. Smooth transition, from small element near the 
shell surface to larger elements, away from the fine particle’s center is a desired outcome that 
can be achieved using appropriate set of values for the shell feature parameters, most 





Figure 4.7 Tetrahedral mesh of a spherical shell representing a suspended fine particle hav ing a 
radius 100 times smaller than the average grain radius in the pack.  
Figure 4.8, which shows the spherical shell of a suspended fine particle of radius 25 times 
smaller than the average grain diameter in the pack shows smooth transition in the element sizes 
away from the center of the particle away. In this case the value of the extenet is 3.6 times 
greater than the radius of the shell.  The node spacing value is 4.6 times smaller than the radius 





Figure 4. 8 Mesh of a suspended fine particle situated very close to the surface of a grain. Radius 
of the shell is 1/25 of the average grain diameter in the pack.  
4.4.2 Contact Point 
As shown in Figure 4.5, resolving the contact point between two spherical shells is not a trivial 
issue. Resolving contact points becomes especially important for meshing granular domains. If 




the mesh will significantly differ from the exact values. Moreover, modelling any physical or 
chemical process involving the surface of the grains in the granular domain will be severely 
affected. Therefore, resolving the contact points are important. To this aim, we developed a 
contact point refinement scheme that inserts more points, of desired node spacing and density, in 
an early stage of the mesh generation in the contact point region. These added points will result 
in finer elements connecting the two spherical shells when the mesh is made.  
 
  













Chapter 5: Transport of Suspended, Fine Particles in Ordered Granular 
Porous Media 
5.1 Introduction 
Suspended fine particulate matter are typically defined with diameter less than 10μm, thereby, a 
wide range of matters can be considered to fall into this category, examples are organic and 
inorganic materials such as viruses and bacteria, humic substances, clay minerals, metal oxides, 
and nanoparticles.  
A great many processes involve understanding of the migration of suspended fine particles 
through a solid matrix. Study of groundwater pollution by migrating colloidal particles, bio-
filtration processes in pharmaceutical industry, fines migration in oil & gas industries, and drug 
delivery through porous structures (Crowder et al., 2002) are among the many applied examples.  
The primary mechanism controlling the transport of suspended fine particles through porous 
media is the deposition of fine particles on grain surfaces (Ryan & Elimelech; 1996).  Among the 
main reasons influencing the fine particle deposition are hydrodynamic forces, which are taken 
into account in numerous detailed studies of fine deposition to gain a better understanding of the 
fine particle-grain interactions (Tien & Ramarao, 2007). 
An area of science that studies the transport of fine particles through porous media is Colloidal 
Filtration Theory (CFT). In this theory, the deposition efficiency of a porous medium is assumed 
to be represented by the deposition efficiency of a unit collector, i.e. a perfect, isolated spherical 
solid grain (Yao et al., 1971; Ryan & Elimelech, 1996). In CFT, an assemblage of perfect 
spherical solid grains (collectors) characterizes the porous medium, where the fine particle 




To simulate fine particle transport, a trajectory analysis (TA) method (Rajagopalan & Tien, 
1976) is employed to track the movement of each distinct fine particle in a moving fluid. Using 
this Lagrangian approach, it is determined if the fine particles will be trapped and retained by the 
collector particle or not. The trajectories of the fine particles are calculated by constructing 
appropriate equations of motion that account for the short range and the long range forces acting 
on a spherical fine particle. The separating distance between the surface of the fine particle and 
the surface of the collector particle dictates what type of forces are developed, and, consequently, 
taken into account in the balance of the forces affecting the particle. If the fine particle is far 
away from the surface of the collector, gravity and the hydrodynamic drag forces need to be 
considered. When the fine particle is close to the surface of the collector (several fine particle 
diameters), short range forces such as surface forces (London, Double Layer) need to be included 
in addition to gravity and hydrodynamic drag force.  
Attempts to generalize this approach by the pioneers of this methodology (Payatakes, 1973; 
Payatakes et al., 1974; Rajagolapan and Tien, 1976; Tien and Payatakes, 1979) resulted in 
proposing several representations of the porous media: sphere-in-cell models, constricted-tube 
models, and capillary model. In practice, this method has been used to estimate the filtrations 
rates of filters in the initial stage of filtration process (clean filters).  
However, while TA is widely used, it is noted (Tien and Ramarao, 2007; Masliyah and 
Bhattacharjee, 2006) that it is limited because the employed flow patterns are based on simple 
representations of the porous media. Such overly simple flow patterns do not occur in real porous 
media (Cakmak et al. 2008). In compact granular porous media, constituent grains can be of 
different diameter sizes (polydisperse packs versus monodisperse packs), or the grains could 




fine particles in porous media at streamline scale – while preserving the microstructure of the 
pores (i.e., interconnectivity of the pores, and grain-to-grain contact points) – governing 
equations of fine particles transport need to be solved in computational domains which capture 
the minute spatial variations of porous media.  To this aim, we have analyzed the distribution of 
drag forces acting on suspended, stationary fine particles inside porous media using 
finite-element based Stokes flow simulation.  Our approach allows us to perform this analysis 
with no simplifying assumption regarding the integrity of the pore structures.  
In this chapter, the results of drag force computation on stationary, fine particles suspended in 
ordered and disordered monodisperse granular porous media (all the constituent grains are of 
identical size) are presented and discussed.  
Moreover, as Happel’s sphere-in-cell model (Happel, 1951) is the most commonly used in CFT 
(Tien and Ramarao, 2007), our simulation results are compared with the results of Happel’s 
model to provide a better picture of how significant the influence of the pore microstructure on 
the drag force distribution on fine particles is. To our knowledge, this is the first time that such a 
detailed comparison is taking place. One reason could be the cumbersome and costly nature of 
simulating the transport of finite-sized particles through complex, granular domains. 
The remainder of this chapter is arranged as follows: 
 Detailed explanation of the Happel’s model. 
 Report and analysis of the results of simulations involving suspended fine particles in 





5.2 Drag Force Computation in Colloid Filtration Theory (the Happel Model) 
5.2.1 The Happel Model: Specifications  
Originally, the Happel model (Happel 1958) describes a spherical collector particle, which is 
moving upward through a stagnant fluid; however, to adapt it to Classic Filtration Theory 
applications, where filter particles are usually fixed in space, the streamlines are transformed to 
that of a stationary collector particle and downward fluid motion. This transformation is 
manifested in the change in one of the boundary conditions originally proposed. In Happel’s 
model, as in other cell models (Zhukovsly, 2007), the granular media are divided into identical 
cells where each cell contains one solid sphere of radius ac.  A liquid shell of radius b encloses 
the solid sphere, usually referred to as the filter or collector particle in CFT. The relation of ac 
and b is chosen in order to have the porosity of the unit cell matched by the granular medium’s 
porosity of  .  
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 ⁄  
(5.1) 
If the granular medium is monodisperse, ac will be the value of a grain radius, otherwise, if the 
granular media is polydisperse, the radius of the solid sphere in the unit cell is chosen by taking 
the mean average of all the grains in the granular media (   = Diameter of the Grain).   
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(5.2) 
The flow solution in the Happel’s unit cell is obtained by imposing the boundary conditions 
proposed by Happel to the general solution of incompressible, viscous flow around a solid, 
stationery sphere. The following formulation is in spherical coordinates.   
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The velocity components in the radial direction, ur, and tangential direction, u:  
   
  





    
  





The general solution of stream function of flow,  , to satisfy equation 3, above, is mentioned in 
the Happel and Brenner, 1965: 
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In the equation 7, above, A, K1, K2, K3, K4 are arbitrary constants. Upon applying the following 
boundary conditions of the Happel’s model, its stream functions are obtained.   
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1) No-slip boundary condition at the solid-liquid interface. 
2) Radial velocity at the outer boundary of the unit cell – exterior of the liquid shell – is the 
tangential component of the approach velocity. (In the original Happel’s paper, radial 
velocity at the outer boundary of the liquid shell is assumed to be zero.)  
3) The tangential stress at the outer boundary is assumed to be zero. (This B.C. satisfies the 
condition that the disturbance due to presence of each grain be confined within each unit 
cell.) 
The resulting streamline function is:  
 (   )       ( ) [
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(5.10) 
where: 
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5.2.2 Computing the Hydrodynamic Drag Force Acting on Suspended Fine Particles Using the 
Happel Model 
To obtain the drag force on the particles suspended in the liquid shell of the Happel’s unit cell, 
knowledge of the undisturbed velocity at all points inside the unit cell domain is insufficient. It is 
vital to account for the hydrodynamic retardation effect, which occurs when a freely moving 
particle gets close to a rigid surface as well.  
To account for deviations from Stokes drag law, Payatakes et al. (1974) incorporated exact 
solutions of Stokes equations (Goren and O’Neill, 1970; Goldman et al., 1967) which were 
obtained assuming a semi-infinite fluid, where a small rigid spherical particle is moving in the 
close vicinity of a flat plate. 
Using these correction factors for Stokes law requires the velocity field inside the Happel’s cell 
model (equations 5.5 & 5.6) be stated in the following specific forms: 
       




        
   (5.16) 
Coefficients A, B and D are dependent on radial and angular coordinates, and y is the distance 
from the particle’s center to the collector’s surface. A, B and D can be obtained upon 
approximating equations 5.5 and 5.6 in the form of equations 5.15 and 5.16.  
Finally, the drag force vector is obtained using the following expressions (Goren & O’Neill, 
1971): 
             ( 
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f1 , f2 and f3 are universal hydrodynamic functions which are provided in tabular forms in Tien 
& Ramarao, 2007.  
5.2.3 The Happel Model: Input Variables   
Setting-up the Happel’s model requires two input data: porosity and volumetric flow rate. 
Porosity dictates the depth of the liquid shell and volumetric flow rate specifies the approach 
velocity of the Happel’s cell. These two values are averages for each set of simulations and then 
used in Happel’s model to obtain the analytical solution of the drag force distribution for that 
specific ratio of fine particle diameter to the collector particle in each specific type of packing.       
5.3 Suspended Fine Particles in Ordered Arrays  
5.3.1 Simulation Geometry 
A cubic domain of two unit cells length in each Cartesian direction (X, Y and Z) of a densely 




cell is the simplest repeating unit of an array of elements, in this case spherical particles. Under 
consideration are the three most common ordered structures of spherical grains: Standard cubic 
(SC), body-centered cubic (BCC) and face-centered cubic (FCC). These specific types of ordered 
packs are chosen because their structural parameters such as porosity and coordination number 
span a reasonable range of values observed in scientific and industrial applications. Moreover, 
due to the symmetric nature of these structures, analyzing and understanding the transport 
processes in these domains is straightforward, which is why, these structures have traditionally 
been used in study of fluid flow through granular porous media (Hill et al., 2001; Zick & Homsy, 
1982). 
5.3.1.1 Collector Particle 
The central particle in the two by two unit cells domain is chosen as the collector particle for two 
reasons: 
1. The central particle is the farthest from the bounding walls of the domain, the inlet 
section and the outlet section, thereby, the influence of these boundaries on the flow 
fields seen by the collector particle is minimal. 
2. The central particle has the full coordination number unique to its type of packing. 
The dimensional radius of the constituent particles (ac) is 0.35 [L]. Consequently, the 
dimensional length of each side of the domain for SC, BCC and FCC is, respectively, 1.4, 1.6165 




5.3.1.2 Fine particles  
The separation distance between the surface of the fine particle (radius =  ) to the surface of the 
collector particle is fixed at 1.5       . This fixed separation distance is chosen for two 
reasons: 
1) Deposition of the fine particles on the surface of the collector particle happens when the fine 
particle is sufficiently close to the surface of the collector and is trapped by the collector 
particle. Therefore, understanding the behavior of the fine particle near the surface of the 
collector is crucial to modelling the fine particle transport. (In the CFT literature, this 
distance is assumed 2-3 diameters of the colloidal particle.) 
2) While even smaller separation gaps are more interesting to consider, because of the 
interaction between the two solid boundaries becomes even more pronounced (similar to wall 
correction factor analysis), due to limitations of the meshing routine, a reasonable separation 
distance that could be fully, robustly realized by the mesh generator, had to be chosen.  
Taking advantage of the geometrical symmetry of the ordered arrays, the need to place the fine 
particles all around the collector particle to experience the full range of the flow field vanishes. 
Instead, one-eighth of the surface of the spherical collector particle ia chosen to fully represent 
the entire range of the velocity and pressure fields around the collector particle.  
Using spherical coordinates, this spatial section of interest to place the fine particles is specified 





Figure 5.1  Schematic of the spherical coordinate system, centered as the collector particle’s 
center. 
While the separation distance between the fine particle and the collector surface is fixed, the ratio 
of the radius of the fine particle to the radius of the collector particle (
  
  
) is allowed to vary. The 
following ratios, depending on the porosity of the pack, are used: 1/100, 1/50, 1/25 and 1/10.  
5.3.2 Simulation: Workflow 
The workflow is consistent regardless of the choice of the packing (SC, BCC or FCC).  
Generally, if N locations are found for placing the fine particles, the following workflow occurs: 
For i= 1, N 
DO 
1. Perform a Numerical Stokes Flow Simulation in the specified granular domain where one 
fine particle is placed at location [X (i) Y (i) Z (i)].  
2. Compute the Drag Force on All Solid Surfaces. 
3. Extract the desired information such as the value of the drag force on the fine particle; 






5.4 Standard Cubic  (SC) 
5.4.1 Introduction  
5.4.1.1 Domain Geometry  
The SC pack used in these simulations consists of 27 spherical particles (the number of particles 
in a two SC unit-cells by two SC unit-cells domain). A SC unit cell is a cube (all sides of the 
same length), where a particle is centered on each corner of the cube. The particle radius is 0.35. 
The porosity of the pack is 0.4764. The particle located at the geometric center of the domain is 
fully inside the domain. This central particle is chosen as the collector particle. Traction 
boundary conditions are imposed at z=0 and z=1.4 (the fluid enters and exits the domain along 
the z-axis). Figure 5.2(a) depicts the inlet (and, similarly, the outlet) section of the SC domain. 
Figure 5.2(b) shows a typical arrangement of the particles in the absence of the bounding walls. 
In a SC pack, the coordination number (number of contact points between a particle and its 
neighbors) is six. Figure 5.3 shows the central particle in our domain with its 6 neighbors. 
 
Figure 5.2  (a) XY-view of the SC domain including the bounding walls. (b) Three-dimensional 





Figure 5.3 The collector particle (central) plotted with its 6 neighboring particles (bright green). 
The center of the collector particle is chosen as the origin of the spherical coordinate system 
shown in Figure 5.4, which is used for positioning the fine particles. r, , and , respectively,  
refer to the radial, the polar,and the azimuthal coordinates of a point in this coordinate system. 
 





In Figure 5.4, the two neighbors of the collector particle which are along the z-axis are 
positioned at the poles of the contact points (=0 and  ), therefore, the points where they contact 
the collector particle are referred to as polar contact points. The remaining four contact points, 
which are at = /2 are referred to as the equotorial contact points.  
The angular locations of the contact points between the collector particle and its neighbor are 
reported in Table 5.1.    
Table 5.1 Angular coordinates of the 6 contact points of the collector particle in the SC domain. 
Contact Point  
[polar angle, azimuthal angle]   
        
1 (polar) [   ] 
2 (polar) [    ] 
3(equatorial) [     ] 
4(equatorial) [       ] 
5(equatorial) [     ] 
6(equatorial) [      ] 
5.4.1.2 Placement of the Fine Particles 
Naturally, no fine particle is allowed to be placed at any location where it intersects any solid 
boundary, such as any of the neighboring particles of the collector particle. A typical set of 
locations for the fine particles in the SC pack is shown in Figure 5.5(a), which is obtained for the 
case of ap/ac = 1/100. The number of available locations will change as the fine-to-collector 






Figure 5.5 (a) Qualified positions (yellow dots) near the surface of the collector particle where 
the suspended, fine particles will be placed. (b) The collector particle and the fines’ positions 
plotted along with the six neighbors of the collector particle.  
5.4.1.3 Happel’s Sphere-in-Cell Specifications for SC 
Table 5.2 Input Variables for the Happel’s model (SC case). 
Depth of the Liquid Shell 0.083174 
Approach Velocity (Superficial Velocity) 0.086771 
5.4.2 Case of  ap/ac = 1/100 
In this case, 135 different locations are used for placing the fine particles. Thus, results of 135 
separate Stokes flow simulations are reported. In the following two sections, information about 
the tetrahedral meshes used in the simulation are provided; then, the results of drag force 




5.4.2.1  Tetrahedral Mesh Specifications 
Table 5.3 General PMG Meshing Parameters for the SC pack | Case 1/100. 
Average Number of Elements per unit cell 79,500 
Average Number of Nodes per unit cell 123,400 
Contact Point Refinement Grid Size: Collector & Neighbor Particles 0.01 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0003 
Smoothed (Averaged element condition number ) Yes 
Porosity  (
                           
              
) 0.4725072 
                  




Table 5.4 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle. 
Node Spacing 0.00075 
Extent        
Decay Exponent 1.65 
Buffer (%) 49.50 




5.4.2.2 Results and Discussion 
Results of the computations are presented as a group, because the sampling of the fine particle 
positions shown in Figure 5.5 represents the entirety of the immediate region around the 
collector particle due to the geometric symmetry of the SC packing. The reported results, of both 
simulations and the Happel model are the magnitude of the drag force vector 
(‖ ‖    √  
    
    
  ) acting on the fine particles. In the remainder of this document, 
when referring to the drag force, the magnitude of the drag force is implied.  
Reported drag force values are dimensional, i.e., they are expressed as the product of basic 
physical dimensions mass [M], length [L] and time [T]. Dimension of the drag force is MLT
-2
.   
Figures 5.6 shows the distribution of drag forces on stationary fine particles obtained from the 
simulations. A color-gradient scale based on the values of the drag forces is used to depict the 
variations in magnitude. Furthermore, the results are superimposed on a representative collector 
particle, which has the same contact geometries as the collector particle in the SC pack, to 
improve the visualization.   
The range of the simulation results spans six orders of magnitude in the resulting drag forces. 
The farther the fine particles are from the polar and the equatorial contact points, the larger drag 
force they experience. The closer the fine particles are to the contact points, the smaller drag they 
experience. The maximum drag force occurs at [,] = [ /2,  /4], which is a manifestation of 
how the flow is channeled through the pore space in the SC pack. It is not surprising that the 
minimum drag force occurs at [,] = [ /15, 0]. This location is the nearest to the polar contact 




contact point ( = 0) experience much smaller drag forces than the ones in the close vicinity of 
the equatorial contact point ( = 0). Figure 5.7 shows the drag force distribution versus the polar 
angle.   
 
Figure 5.6 Simulations: Distribution of drag forces (total of 135 values) overlaid on the surface 
of the collector. 
Upon plotting the values of the drag force in the range of [0.00 1.00E-5] in a semi-log plot, 
Figure 5.8, it becomes clear that the values of the drag force on fine particles around the polar 
contact point are 3-4 orders of magnitudes smaller than those fine particles neighboring the 
equatorial contact point. This difference has to do with the arrangement of the constituent 
particle of a SC pack, which forces the moving fluid to channel through the open spaces between 




contact point are exposed to faster moving fluid than the fine particles near the polar contact 
point.  
 
Figure 5.7 Drag force acting on each fine particle versus the polar coordinate of the fine 
particle’s center. Red circles point out the locations closest to the equatorial contact point. Red 
triangle points out the points closest to the polar contact point. 
To reach the area around the polar contact points, the moving fluid would have to have a 
significant velocity component perpendicular to the macroscopic flow direction. Consequently, 
we observe significantly lower shear stress around the polar contact point. Moreover, due to the 




direction, the immediate region around the polar contact point becomes a region of stagnation, 
where a circulation zone is formed. 
 
Figure 5.8 Semi-log plot of the drag force values in the range of [0 1.00E-5] of Figure 5.7. Red 
circles point out the locations closest to the equatorial contact point. Red triangle points out the 
points closest to the polar contact point. 
Our simulations show that this region begins to from at approximately =6 /30 (continuing to 
the polar contact point at =0).  This circulation zone explains why the tail of the data in Figure 
5.7 begins to suddenly increase at =6 /30, which is the first data point after the limiting x-tick 
mark of 3pi/16 in both Figures 5.7 and 5.8.   
Figure 5.9 depicts the magnitude of the velocity flow field in the immediate region adjacent to 




although the velocity is low, drag force on the fine particles remains a function of proximity to 
the polar contact point. This behavior is further explained by close examination of the pressure 
and viscous fractions of the drag force distribution for each set of fine particles that share a 
common polar coordinate, after discussing the distribution of drag forces versus the azimuthal 
coordinate.   
 
Figure 5. 9 ZY-view of the polar contact point. The surfaces of the collector particle and its polar 
neighbor are both outlined using the surface triangles of the tetrahedral mesh. 
Figure.5.10 shows that while drag forces on fine particles located on one boundary of the region 
of interest (= /4) are the largest, fine particles located at another boundary, (=0), which is 
confined directly between the polar and the equatorial contact points, experiences the smallest 
range of drag force values. The reason is the physical shielding of the moving fluid because of 





Figure 5. 10 Drag force acting on each fine particle versus the azimuthal coordinate of the fine 
particle’s center. Minimum range occurs at =0. Maximum range occurs at = /4. 
Analyzing the details of surface stress variation in different types of packings, Zick & 
Homsy (1980) reported similar variations for SC structures, albeit on the surface of a constituent 
particle of the SC pack rather than on a fine particle.   
Drag force on a fine particle can be decomposed into the sum of viscous and pressure stresses. 
As explained in the background chapter, according to Stokes Law, the viscous stress is two-
thirds and the pressure stress is one-third of the total drag force. Any deviation from these ratios 
signifies disturbances to the flow pattern due to boundaries such as bounding walls or other 
particles. Analyzing the influence of such boundaries is important – especially in understanding 




viscous and pressure fractions of the total drag force. To this end, Figure 5.11 shows the viscous 
and pressure fractions on each of the 135 fine particle used in the simulations. Viscous and 
pressure fractions for each particle are superimposed onto each other. To better distinguish 
between the fractions, the red bars, referring to pressure fractions, are plotted with a smaller bar 
width than the black bars which refer to the viscous fractions.   
In Figure 5.11(a), particle indices 129 to 135, 111 to 120, 81 to 90, and 51 to 60, refer to fine 
particles positions where the polar coordinate () is fixed at  /2, 13 /30, 10 /30, 7 /30 
respectively.  The positions of these sets of fine particles are pointed out on the schematic of the 
collector particle in Figures 5.11(b, c) to better explain the prominent, repetitive and ascending 
trend of the bar plot data. As shown, the closer the particles are to the polar contact point (=0), 
the smaller the bar heights become in both pressure and viscous fractions, resulting in a long tail 
emanating from particle index 1 forward. For each ascending set of bars, the minimum height 
occurs at =0 and the maximum occurs at = /2, as previously discussed in the context of the 
flow pattern for a SC pack. The values of viscous and pressure stresses for each fixed polar angle 
increase as the fine particle is farther  from the polar contact point. In Figures 5.12 (a) and (b), 
the bar data of particle indices from 1 to 46, which include the closest fine particles to the polar 
contact point and compose a substantial part of the tail, are plotted. The ascending trend in values 
of pressure and viscous fractions (while being observed for fine particles’ indices of 21 to 30) is 
no longer prominent in particle indices less than 41. That is attributed to the fact that at polar 
coordinates less than 6 /30, fine particles are inside or on the edge of the circulation zone, 





Figure 5. 11 (a) Pressure & viscous fractions of the total drag force for each fine particle. (b) and (c) Locations of select fine particles 










As shown in Figure 5.12 (a), particle indices greater than 20 experience much higher drag forces 
than particle indices less than or equal to 20. It is noteworthy that particle indices less than 40 all 
are in the circulation zone where both the pressure gradients and velocity fields are significantly 
smaller in magnitude.  
In Figure.13, two particle indices, 20 and 30, representative of the two sets of particle indices of 
11 to 20, with polar coordinate of 3 /30, and 21 to 30 with polar coordinate of 4 /30 are 
depicted. In this case, both particles 20 and 30 have the same azimuthal coordinates. As seen, 
particle index 30 is positioned farther from the contact point than particle 20, resulting in particle 
30 experiencing faster streams.  
 
Figure 5. 13 The velocity field surrounding particle indices 20 (=3 /30) and 30 (=4 /30) is 
shown.    
A better way to analyze the drag force on particle indices 1 to 10 is computing the ratio of the 




from Stokes Law, these fine particles uniformly experience higher pressure stresses (at least 
seven percent higher).   
 
Figure 5. 14 Ratio of the pressure drag to the total drag force plotted for particle indices 1 to 10 
which are the closest fine particles to the polar contact point (=2 /30). 
The range of the pressure ratios of these particles is higher than the range of the pressure ratios of 
particle indices 11 to 20, which is from 0.33 to 0.35. According to Figure 5.12(b), the magnitude 
of the pressure forces experienced by particle indices 1 to 10 are, more or less, in the same range 
as in particle indices 11 to 20, but, because the viscous forced experienced by particle indices 11 
to 20 are notably larger than those of particle indices 1 to 10, the pressure ratios of these two sets 
of particle indices differ. Particle indices 1 to 10 experience smaller viscous drag forces than 
particle indices 11 to 20 because they are deeper in the circulation zone compared to particle 
indices 11 to 20.      
Among the particle indices 1 to 10, the farther these fine particles are from the zero-azimuthal 




angle of the preferred flow path in this domain, therefore, this decline in the ratios of the pressure 
fraction to the total drag is attributed to exposure to faster velocities.  
The same analysis is performed on sets of particle indices which include fine particles adjacent 
to the equatorial contact point. The ratios of pressure fraction to the total drag force of all the 
particles from 111 to 135 are plotted in Figure 5.15. 
 
Figure 5.15 Ratio of the pressure drag to the total drag force plotted for particle indices 111 to 
135. Particle indices 111, 121 and 129 correspond to fine particles adjacent to the equatorial 
contact point [π/2, 0]. 
As shown in Figure 5.15, the ratios of pressure to the total drag force are highest – in each set of 
fine particles with a similar polar angle – for the fine particle aligned with the equatorial contact 
point. For each set of fine particles with fixed polar coordinates, the closer the fine particle 
becomes to where the preferred flow path is (= /4), the lower the ratio of the pressure force to 




contact point, particle 129 has the lowest pressure ratio to total drag force, caused by its 
positioning closest to the fastest streams (= /4).      
Finally, we note that particles 41 to 50 (Figure 5.16) are the only set that exhibit ratios of 
pressure to total drag force that are even less than that of Stokes Law (where the ratio is 1/3).   
 
Figure 5. 16 Ratio of the pressure drag to the total drag force plotted for particle indices 41 to 50. 
(=6 /30). 
It is important to distinguish between the magnitude of the pressure force and the ratio of the 
pressure force to total drag force.  If the pressure force is zero, it is because the pressure gradient 
experienced bythe finite-sized particle is zero. The profile of a zero pressure gradient is a flat 
line. However, if the ratio of the pressure gradient is zero, or close to zero, it can be because 
either the value of the pressure force is zero or very small, or that the viscous force is very large.  
To figure out exactly what happens with this set, two particles are chosen to be studied: particle 




particles versus the z-coordinate of their surface nodes. Both of these particles have the same z-
coordinate but different x- and y-coordinates. Moreover, as the z-component of the drag force 
vector for each of them is the largest by, at least, one order of magnitude than the x- and the y- 
components, the pressure distribution along the z-axis is only reported. 
   
 
Figure 5. 17 Pressure distributions versus the z-axis for (a) particle 41, and (b) particle 50 shown 
using red dots. 
While the pressure axes of Figures 5.17(a) and (b) are slightly different in magnitude, the shapes 
of the pressure gradient profiles for these two particles are quite similar. It appears more than 
half of the surface areas of these two particles experience, more or less, the same pressure, as 
evident by the concentration of data points in a flat-line profile at a constant pressure of 
approximately 1.25 in Figure 5.17(a) and 1.24 in Figure 5.17(b).  
There seems to be two factors contributing to pressure ratios of less than Stokes Law for particle 
indices 41 to 50. First, the pressure gradients surrounding these particles are more or less flat for 




zone, these particles are exposed to fast streamlines on the side which is not facing the polar 
contact point, as evident in Figure 17, thereby, experiencing large viscous forces. 
 
Figure 5.18 The velocity field around fine particle index 45 (θ=6π/30). It is clearly seen that 
particle 45 is positioned on the edge of the circulation zone of the polar contact point and the 
bulk of the moving fluid. Other particle indices of the set 41 to 50 are similarly positioned 
5.4.2.2.1 Comparison with Happel’s Model 
As the flow field of Happel’s model is axisymmetric along the z-axis, Figure 5.19 sufficiently 
captures the drag force distribution in the Happel’s model.  
The lack of contact points in Happel’s flow model has been previously noted in the context of 




from Happel model predictions are in agreement with the Happel results to a reasonable extent. 
However, the simpler model’s gradual increase is in direct contrast with the tail of the current 
simulation results, which is, mostly due to the presence of the polar contact point. Additionally, 
the Happel results underpredict the largest forces by a factor of two, which is related to the 
channeling of flow around the equatorial contact points.  
 
Figure 5.19 Drag force acting on each fine particle versus the polar coordinate of the fine 
particle’s center obtained from Happel’s model and simulations. 
Considering that Happel’s model is a significant geometric approximation of a granular porous 
medium, it does provide a reasonable “average” estimation of drag force for each fixed polar 
coordinate in this case where fine particles are 100 times smaller in diameter than the collector 




5.4.3 Case of  ap/ac = 1/50 
In this case, 122 different locations are used for placing the fine particles.  
5.4.3.1 Tetrahedral Mesh Specifications 
Table 5.5 General PMG Meshing Parameters for the SC pack | Case 1/50 
Average Number of Elements per unit cell 70,100 
Average Number of Nodes per unit cell 111,600 
Contact Point Refinement Grid Size: Collector & Neighbor Particles 0.01 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0003 
Smoothed (Averaged element condition number ) Yes 
Porosity  (
                           
              
) 0.4725 
Max Element Volume/Min Element Volume 10E+07 
 
Table 5.6 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle. 
Surface Nodes on the Fine 
Particle (Average) 
Node Spacing Extent Decay Exponent Buffer (%) 
6,100 0.00150000         2.00 49.50 
5.4.3.2 Results and Discussion 
While the magnitude of the drag forces in this case are larger than the results of the previous case 
(particles in this section are double the size), the overall distribution of drag forces closely 
follows the patterns seen in the previous case. The same general functionality between the fine 
particle’s distance from both the polar and equatorial contact points and the drag force it 




azimuthal distributions have the same patterns as in the previous case. Moreover, the formation 
of the circulation zone in the vicinity of the polar contact point is, as before, seen to influence the 
total drag force distribution, and the ratio of the pressure force to the total drag force of the fine 
particles which have polar coordinates of less than =6 /30.  
However, in this case, the range of the pressure force to the total drag force ratios for particles 
closest to the equatorial contact point is slightly higher than the previous case. In this case the 
range is from 0.391 to 0.442 (Figure 5.20), while in the previous case, it is 0.37 to 0.422. This 
change is attributed to the greater pressure gradient needed for the moving fluid to pass through 
the gap between the fine particle and the region of equatorial contact point. 
 
Figure 5.20 Ratio of the pressure drag to the total drag force plotted for particle indices [91 to 
100], [101 to 108], [109 to 115] and [116 to 122]. 
Figure 5.21 (a) contains the distribution of pressure and viscous fractions of the total drag force 
on the fine particles. Figure 5.21 (b, c) depict the total drag force distributions on the surface of a 





Figure 5. 21 (a) The pressure & the viscous fractions of the total drag force for each fine particle. (b) Locations of select fine particles 




The trends of distributions of the pressure and viscous forces seen in Figure 5.21 (a) closely 
resemble those of the previous case. The same resemblance is also seen upon magnifying the 
distributions of pressure and viscous forces for the particles close to the polar contact point (see 
Figure 5.22).  
These similarities in the behavior of the drag forces suggest doubling the radius of the fine 
particles from 1/100
th
 of the radius of the collector to 1/50
th
 of the collector’s radius, while 
preserving the same separation gap between the surface of the fine particle to that of the 
collector, does not result in a significant change in the behavior of the drag force distributions, 
and, consequently, the distributions of the pressure and viscous forces.  
 
Figure 5. 22 (a) Magnified bar plots for fine particles’ indices from 1 to 46. (b) Magnified bar 




5.4.3.2.1 Comparison with Happel’s Model 
Figure.5.23 shows the drag force predictions using the Happel’s model and the simulations of 
this case. Compared to the previous case of 1/100 diameter ratio of the fine particles to the 
collector particle, it appears predictions of Happel’s model have worsened for this case of larger 
particles, at least in an overall sense. (The error in the largest drag force has decreased.)  
 
Figure 5.23 Drag force [MLT
-2
] acting on each fine particle versus the polar coordinate of the 
fine particle’s center obtained from Happel’s model and simulations. 
5.4.4 Case of  ap/ac = 1/25 




5.4.4.1 Tetrahedral Mesh Specifications 
Table 5.7 General PMG Meshing Parameters for the SC pack | Case 1/25. 
Average Number of Elements per unit cell 70680 
Average Number of Nodes per unit cell 111553 
Contact Point Refinement Grid Size: Collector & Neighbor Particles 0.01 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0003 
Smoothed (Average element condition number ) 70 
Porosity  (Total Volume of the Elements/ Domain Volume)  0.4725 
(                  ) (                  ) 10E+08 
 
Table 5.8 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle. 
Surface Nodes on the Fine Particle 
(Averaged.) 
Node Spacing Extent Decay Exponent Buffer 
(%) 
6110 0.0030 0.0500 2.00 49.50 
5.4.4.2 Results and Discussion 
Of the 122 pairs of polar and azimuthal coordinates used in the case ap/ac=1/50, 119 of these 
locations qualified to be used in the current case (i.e., they resulted in no intersection with the 
collector particle and its neighboring particles). As expected, due to larger size of the fine 




Nevertheless, multiple similarities between the trends of the distribution of drag forces 
experienced by the fine particles in this case and the previous two cases are observed. As before, 
the same relation between the fine particle’s distance from both the polar and the equatorial 
contact points and the drag force it experiences is observed. This similarity is reflected in 
observed trends in polar and azimuthal distribution of forces. Figure 5.24 depicts the polar 
distribution of the drag forces experienced by the fine particles.  
 
Figure 5.24 Drag force acting on each fine particle versus the polar coordinate of the fine 
particle’s center. Red circles point out the locations closest to the equatorial contact point. Red 
triangle points to the fine particles closest to the polar contact point. 
Similar characteristics of the previous two cases, such as, formation of the tail due to the 
circulation zone, and its expansion after  = 3 /16, are observed in the polar distribution. The 
azimuthal distribution (Figure 5.25) of drag forces shows similar trends in the range of drag 





Figure 5. 25 Drag force acting on each fine particle versus the azimuthal coordinate of the fine 
particle’s center. Minimum range occurs at ρ=0. Maximum range occurs at ρ=π/4. 
Further, the overall distributions of the pressure and the viscous forces on individual fine 
particles (Figure 5.26) show the similar ascending trends for each set of fine particles at a fixed-
polar coordinate, as seen in the previous two cases. Upon closer examination of the pressure and 
viscous fraction of the total drag force experienced by the fine particles in the vicinity of either 
of the contact points, it is seen that the larger sized particles of this case behave differently 
around the contact point regions compared to the previous two cases.   
Regarding the equatorial contact point, the range of the ratios of the pressure force to the total 
drag force is noticeably higher than the previous two cases. In this case (Figure 5.27), it is 0.4415 






Figure 5.26 (a) Pressure & viscous fractions of the total drag force for each fine particle. (b) Locations of select fine particles (of 





Figure 5.27 Ratio of the pressure drag to the total drag force plotted for particle indices [91 to 
100], [101 to 107], [108 to 113] and [114 to 119].Each set of indices correspond to a fixed-polar 
coordinate. 
For the first time, we observe a situation where pressure becomes the majority contributor to the 
total drag. This considerable increase in the pressure ratios hints at these larger fine particles 
ability to disrupt the pore flow patterns relative to the particle-free case. As explained before (in 
chapter 2), when these separation gaps are considerably smaller than the characteristic length of 
the fine particle (ap), higher pressure gradients are needed for the flow to pass through the 
separation gap of the fine particle and the solid boundaries, resulting in a higher fraction of the 
total drag due to pressure force. In this case, the shortest distance between the surfaces of each 
fine particle and the nearest solid boundary for particle indices 92 to 119 is 1.5 × ac/100 =  
5.2500E-03, which happens to be the length of the gap between the surface of the fine particles 
and the collector particle’s surface. But, particle index 91 – which shows the greatest pressure 
ratio to the total drag force in Figure 5.27 – is even closer to a neighboring particle than the 




Compared with the previous two cases, the observed dissimilarities in particle indices 21 to 30 
are significant. In the previous two cases, particle indices corresponding to the same polar 
coordinate of 5 /30 show ratios of the pressure force to the total drag force higher than the 
Stokes Law, but in the current case, the ratios of pressure to the total drag force (Figure 5.28) 
varies from considerably high (0.6306) to lower than the Stokes Law (0.2608). This wide range 
of variation of the pressure ratio for particles of the same polar coordinate is observed for the 
first time.  
 
Figure 5.28 Ratio of the pressure drag to the total drag force plotted for particle indices [21 to 
30]. This set of indices correspond to particles with a central polar coordinate of =5 /30.  
Figure 5.29 (a) and (b) shows the distributions of the pressure and the viscous forces of fine 
particles near the polar contact point (particle indices 1 to 30). 
As seen in Figures 5.27 and 5.28, particle index 21 shows an unusually high pressure ratio 
relative to the total drag force. Moreover, while, on average, the viscous force on particle indices 
21 to 30 increases as the azimuthal coordinate moves closer to  /4, the pressure force of these 





Figure 5. 29 (a) Bar plots for fine particles’ indices from 1 to 46, (b) Magnified bar plot for fine 
particles’ indices from 1 to 20. 
To better analyze these set of particles, the surface pressure of particle indices 21, 22, 25 and 28 
along the z, y and x axes are shown in Figure 5.30. The pressure on each surface node is plotted 
three times versus its x-, y- and z-coordinates. The results in each case, more or less, seem like a 
cloud. This is because the surface mesh of each fine particle consists of 1000s of surface nodes, 
each having a pressure value. We plot these data in a tight axis meaning the y-axis of these plots 
is restricted to the range of the pressures on the surface of the fine particle. The x-axis of each of 
these plots has a length equal to the diameter of the fine particle.  While the pressure axis for 






Figure 5.30 (a, b, c) Pressure distribution on the surface of the particle 21(=0) versus z-, y-, and 
x-axes. (d, e, f) Pressure distribution on the surface of the particle 22 (= /36) versus z-, y-, and 
x-axes. (g, h,i) Pressure distribution on the surface of the particle 25 (= /9) versus z-, y-, and x-





Figure 5.30 shows as the azimuthal coordinate increases, a larger portion of the fine particle’s 
surface experiences a, more or less, similar pressure, hence the pressure “cloud” becomes more 
flat. This is especially seen for pressure distributions along the x- and y-axes which are shown in 
Figure 5.30 (c, f, i, l) and Figure 5.30 (b, e, h, k). It is also seen that the pressure distribution 
versus the z-axis flattens, to some extent, in Figure 20 (a, d, g, j). The reason for these changes in 
the pressure distribution in all the three Cartesian directions is due to the considerable size of the 
suspended, fine particles of this case.  
Essentially, the particle indices 21 to 30 are centered inside the circulation zone, but because of 
their rather large diameters, they protrude beyond the circulation zone and experience the 
pressure variations that occur in bulk fluid. More importantly, because of their size, the effect of 
fluctuations in the velocity field becomes more pronounced. For example, consider particle 
indices 21 (=0) and 28 (=7 /36). Particle index 21 is centered on the azimuthal line, which is 
directly between an equatorial contact point and the polar contact point, hence it experiences the 
slowest streamlines. However, particle index 28 is in the space between two equatorial contact 
points, therefore it experiences faster streamlines. This difference is reflected in the viscous force 
each of these particles is experiencing as seen in Figure 5.29 (a).  
Figure 5.31 also shows the velocity field surrounding these two particles. While particle index 21 
(Figure 5.31(a)) is enveloped in color blue and red, particle index 28 is solely enveloped in color 





Figure 5.31 (a) the field of velocity magnitude surrounding fine particle index 21 (=0); (b) the 
field of velocity magnitude surrounding fine particle index 28 ( =7/9 /4).   
5.4.4.2.1 Comparison with Happel’s Model 
Figure 5.32 shows the comparison of the simulation results with those of the Happel’s model. 
The trends are similar to what we observed in the previous case.  
 
Figure 5. 32. Drag force [MLT
-2
] acting on each fine particle versus the polar coordinate of the 




5.4.5 Case of ap/ac = 1/10  
In this case, 88 different locations are used for placing the fine particles.  (Referring to suspended 
particles of this case as “fine particles” can be tricky, for these suspended particles are, indeed, 
quite large, having a radius ten time smaller than the constituent grains of the pack. Nevertheless, 
to preserve the cohesion of this document, we refer to them as suspended fine particle while 
acknowledging that our choice of words may not be universally acceptable.) 
5.4.5.1 Tetrahedral Mesh Specifications 
Table 5.9 General PMG Meshing Parameters for the SC pack | Case 1/10. 
Average Number of Elements per unit cell 70370 
Average Number of Nodes per unit cell 111201 
Contact Point Refinement Grid Size: Collector & Neighbor Particles 0.01 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0009 
Smoothed (Average element condition number ) 200 
Porosity  (Total Volume of the Elements/ Domain Volume)  0.4724 
(                  ) (                  ) 10E+08 
 
Table 5.10 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle. 




Extent Decay Exponent Buffer (%) 




5.4.5.2 Results and Discussion 
The range of the drag force results spans three orders of magnitude, which is the lowest range in 
the cases involving the SC pack. Figure 5.33 depicts the color-coded distribution of the drag 
forces on a representative collector particle.  
 
Figure 5.33 Simulations: Distribution of drag forces (total of 88 values) overlaid on the surface 
of the collector. 
A reason why the range of the drag forces of this case is the smallest among the SC cases is, 
presumably, due to the significantly large size of the suspended, fine particles. According to 
Stokes Law, the drag force experienced by a particle is linearly proportional to its characteristic 




Figure 5.34 shows the polar distribution of the drag forces experienced by the fine particles in 
this case.  
 
Figure 5.34 Drag force acting on each of the 88 fine particles of this case (ap/ac = 1/10) versus 
the polar coordinate of the fine particle’s center.  
Except for the lack of a tail, the plot of the polar distribution of the drag forces closely resembles 
those of the previous cases. We believe the lack of a tail in our results is, to some extent, due to 
the method used in this work to find positions for the suspended, fine particles. As a spherical 
grid with fixed cell sizes is used in this work, only 88 points are qualified for positioning of the 
suspended particles, however, if adaptive cell sizes were to be used, more positions near the 
polar contact point could be obtained which would have resulted in no interception with the solid 




we believe even if more points near the pole of the collector particle were used to place the 
suspended particles, the added data points would not have resulted in a tail as prominent as in the 
previous cases. After all, the range of drag force values in this case spans only three orders of 
magnitude, thereby, suggesting a smoother increase in the values of the drag force than the 
previous 3 cases considered in the SC domain.     
Regarding the azimuthal distribution of the drag forces, close resemblance to those of the 
previous cases is observed as well, which leads us to infer similar conclusions as in the previous 
cases. The similarities with the previous cases do not end here. The repeating, ascending trends 
seen for sets of particles of a similar polar coordinate in all the previous three cases are also seen 
in this case. Figure.35 shows the overall distributions of the fractions of the viscous force and the 
pressure force of the drag forces experienced by the suspended, fine particles.  
Up to now, a pressure fraction larger than 50%, involving fine particles adjacent to the equatorial 
contact point, is only reported for particle index 91 of the case  ap/ac = 1/25. However, in the 
current case, such fractions are seen more frequently. Three out of the five fine particles aligned 
with the equatorial contact point (particle indices 80, 61 and 69) have pressure fractions of, 
respectively, 0.5236, 0.5219 and 0.5097. As mentioned in the previous case, these larger than 
half fractions indicate the ever growing influence of the size of the suspended, fine particles 
through porous media. Evidently, the size of the fine particles in the current case influences the 
flow fields surrounding the fine particle more than in the previous case, as reflected in the 
frequency of such higher than half fractions. 
As evident in Figure 5.35, the repeating, ascending trend of the drag forces occurs early on. 





Figure 5. 35 (a) Pressure & viscous forcesexperienced by each of the 88 fine particles. (b) Locations of select fine particles (of the 





Figure 5.36 Pressure and viscous forces bar plots for fine particles’ indices from 1 to 20. 
As seen in Figure 5.36, the values of the pressure force in particle indices 1 to 10 ( = 5 /30) 
appear to be much lower than the 1/3 of Stokes Law. Actually, upon a closer look, it is seen that 
their pressure ratios can be as low as 0.1025, which occurs for particle index 3, and as high as 
0.2750, occurring for particle index 1. While acknowledging that the meshes making the fine 
particles have different condition numbers (for example, particle index 3 has an element 
condition number of 2789 which is much higher than the average condition number of 200 of 
this case), the dominant trait seen in particle indices 1 to 10 is of notably small pressure fractions 
of the total drag force.  
Basically, the pressure drag force exerted on the suspended, fine particle is the result of 
integrating the pressure field experienced on the surface of the fine particle. Therefore, in the 
extreme case that pressure force is zero means the pressure field experienced by the dine particle 
has a zero slope. However, regarding these certain set of particle indices, the issue at hand is the 
ratio of the pressure force to the total drag force, not merely its magnitude. A low pressure ratio 




which can happen if the suspended particle is in a region of the flow field where it is exposed to 
moving streamlines but the pressure field enclosing it is, more or less, constant.  
To investigate this matter, the pressure values experienced by the surface nodes making the fine 
particle index 3 are shown in Figure 5.37. 
 
Figure 5.37  Pressure on the surface of particle index 3 (a) versus z-coordinates of its surface 
nodes, (b) versus y-coordinates of its surface nodes, (c) versus x-coordinates of its surface nodes. 
For a qualitative comparison, Figure 5.38 shows the pressure experienced by the surface nodes of 
particle index 80, which has the highest ratio of pressure force (0.5236) in this case. 
 
Figure 5.38 Pressure on the surface of particle index 3 (a) versus z-coordinates of its surface 
nodes, (b) versus y-coordinates of its surface nodes, (c) versus x-coordinates of its surface nodes. 
The pressure plots of Figures 5.38 and 5.37 are both plotted in tight axis setting. As evident from 




is experiencing, more or less, similar pressure values. However, while the pressure distributions 
on the surface of particle index 80 in directions x and y are, more or less, symmetric (meaning 
the pressure force experienced by the particle in the x and y directions is negligible), the pressure 
distribution along the z-axis (Figure 5.38(a)) is strongly concentrated along a line which has a 
very large negative slope.    
In conclusion, the pressure force on particle index 3, and consequently the rest of particle indices 
of 1 to 10, is small because the surface of the fine particle is experiencing similar pressures in all 
three Cartesian directions. This results in a pressure force of low magnitude, therefore pushing 
the pressure fraction of the total drag force to be much less than the Stokes law prediction.  
This mechanism is similar to what we reported in case ap/ac=1/100 and 1/25, but it is much more 
strongly observed in this case, because the large size of the suspended particle results in large 
viscous force, which lowers the force fraction due to pressure more than ever. At its core, this 
happens because particle indices 1 to 10 are located near the stagnation point or the circulation 
zone, where the changes in the pressure field is, more or less, uniform.    
Additionally, the large size of the particle indices 1 to 10 is responsible for disrupting the 
circulation zone as well. Figure 5.39 shows how particle index 3 prevents the circulation zone to 
form in its vicinity.  
The suspended particles started to show the importance of their size in shaping the flow field 
surrounding them in the case of ap/ac=1/25, but that behavior seems to have fully blossomed in 





Figure 5.39 XZ-View (a) Pressure field. (b) Velocity magnitude field of particle index 3. The 
streamlines are drawn proportional to the local flow strength. 
Figure 5.39 compares the XZ-view of the velocity magnitude and pressure field surrounding the 
suspended fine particle to its equivalent region on the other side of the polar contact point. Per 
Figure 5.39 (b), the presence of the suspended, fine particle prevents the formation of the 
circulation zone for it occupies the void space and changes the flow field. Moreover, the 




While Figure 5.39 is obtained over a thin cross-sectional area of the suspended particle, Figure 
5.40 shows the streamlines passing over the entire depth of the spherical particle. 
 
Figure 5.40  XZ-View (a) Pressure field of particle index 3.  
5.4.5.2.1 Comparison with Happel’s Model 
Approximately, 90% of the thickness of the liquid shell of the Happel’s sphere in cell model is 
occupied by a suspended particle of the size used in this case. This makes our attempt to compare 
our results with those of Happel’s model questionable, for Happel’s model is fit for much smaller 
suspended fine particles (Tien and Ramarao, 2007). 
However, the results of the comparison are presented below to maintain the coherence of this 





Figure 5.41 Drag force [MLT
-2
] acting on each fine particle versus the polar coordinate of the 
fine particle’s center obtained from Happel’s model and simulations. 
5.5 Body-Centered Cubic (BCC) 
5.5.1 Introduction  
5.5.1.1 Domain Geometry  
The BCC pack used in these simulations consists of 35 spherical particles (radius of 0.35) which 
is the number of particles in a two BCC unit-cells by two BCC unit-cells domain (see Table 
5.11). Assuming the collector particle is at  the center of a cube (all sides of the same length), the 
neighboring particles are all centered at each of the vertices of the cube. This cube is referred to 
as a body-centered cubic unit cell, which is the simplest repeating unit in a BCC structure. The 




our simulations. Traction boundary conditions are imposed at z=0 (Figure 5.42) and z=1.6165 
(the fluid enters and exits the domain along the z-axis).  
 
Figure 5.42 Schematic of the inlet (and outlet) section of the BCC domain (with the bounding 
walls) used in the simulations. White is the void space.  
Table 5.11 BCC domain Specifications. 
Number of Constituent Particles (whole, halves & pieces) 35 
Inlet and Outlet Surface Area 2.6130 
Surface Area of Each Particle (Radius = 0.35) 1.5393 
Porosity  0.3198 






Figure 5.43 Schematic of the BCC packing used in this work sans the bounding walls. (Total of 
35 particles) 
In periodic, comapct BCC packs, the coordination number is eight. Figure 5.44 depicts the 
central particle in our domain with its 8 neighbors.  
In our simulations, where the flow direction is along the z-axis, the specific arrangment of a BCC 
pack reuslts in one type of contact point for the collector particle, unlike the case for the SC 
pack. Taking the center of the collector as the origin of a spherical coordinate system, the contact 




[       ]. Because of its location, the contact point in this case is referred to as the mid-sphere 
contact point. 
 
Figure 5.44 The collector particle (central) plotted with its 8 neighboring particles. 
5.5.1.2 Placement of Fine Particles 
Upon using the fine particle locator scheme, explained before, a typical arrangement in the 
region of interest (1/8
th
 of the surface area of the collector particle) is shown in Figure 5.45. It 
depicts all the chosen locations for fine particles (yellow spheres) used in the simulations where 





Figure 5.45 The chosen locations for the fine particle in the close vicinity of the surface of the 
collector particle are depicted using yellow circles. 
5.5.1.3 Happel’s Sphere-in-Cell Specifications for BCC packs 
Table 5.12 Input Variables for the Happel model to be used for compact BCC pack. 
Depth of the Liquid Shell 0.046791 
Approach Velocity (Superficial Velocity) 0.011335 
5.5.2 Case of ap/ac=1/100  
In this case, 142 different locations are used for placing the fine particles. Thus, results of 142 




the tetrahedral meshes used in the simulation are provided; then, the results of drag force 
computation are presented and discussed.  
5.5.2.1 Tetrahedral Mesh Specifications 
Table 5.13 General Meshing Parameters for the BCC pack | Case 1/100. 
Averaged Number of Elements per unit cell 88494 
Averaged Number of Nodes per unit cell 15260 
Contact Point Refinement Grid Size: Collector & Neighbor Particles 0.01 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0003 
Smoothed (Averaged element condition number ) 100 
Porosity  (
                           
              
) 31.98% 
                  




Table 5.14 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle 
Node Spacing 0.0007 
Extent 0.02645 
Decay Exponent 2.500 
Buffer (%) 0.4950 




5.5.2.2 Results and Discussion 
Figure 5.46 shows the distribution of drag forces on stationary fine particles obtained from the 
simulations. A color-gradient scale based on the values of the drag forces is used to depict the 
variations in magnitude. Furthermore, to improve the visualization, the results are superimposed 
on a representative collector particle, which has the same contact geometries as the collector 
particle in the BCC pack.  
 
Figure 5.46 Distribution of drag forces (total of 142 values) overlaid on the surface of a 
representative collector particle. 
The range of the simulation results covers 4 orders of magnitudes in the resulting drag forces. 




As in the SC cases, the distribution of the drag forces, and the locations of the extrema of the 
distribution, is an indicator of how the flow is channeled through the pore space in the BCC 
pack. However, as Zick & Homsy (1981) noted, because in the BCC pack there are eight contact 
points around each constituent particle – in our case around the collector particle – the tangential 
stress along the macro flow direction (z) is more evenly distributed than in the SC pack. This 
point can be easily verified upon examining the velocity flow field enveloping the collector 
particle (Figure 5.47). The color gradient in the neighborhood of the point [,] = [ /2, 0] 
reflects a more even distribution of the flow field around the equator than in the SC pack.  
 
Figure 5.47 The field of the velocity magnitude surrounding the collector. The four bald spots, 
where no streamline is crossing, correspond to where the four mid-sphere contact points, which 




Regarding the flow distribution, an even distribution of the flow implies first, the range of the 
velocity magnitudes is not broad; second, there exists a rather smooth, gradual transition from 
the large velocity values to smaller ones. Moreover, the drag force experienced by any fine 
particle, regardless of its position, is proportional to the fluid velocity. Therefore, to compare 
how even the velocity flow field is in the BCC pack than in the SC pack, it is reasonable to 
compare the values of the drag forces experienced by the suspended fine particles analyzed in 
each case.  
The range of the drag forces in the current case spans four orders of magnitude, while in the SC 
case of ap/ac = 1/100, it spans six orders of magnitude. As for the gradual or sharp transition from 
low to large values of drag forces in each case, one can measure what percentage of the total fine 
particle in each case experiences drag force values of the same order of magnitude as the largest 
drag force in each case. In the current case, the ratio of the fine particles experiencing a drag 
force of the same order of magnitude as the maximum drag force to the total number of fine 
particles is 0.4366 (62 out of the total of 142). However, in the SC case of ap/ac = 1/100, it is 
0.0296 (4 out of 135).  
Furthermore, this rather even distribution of the fluid flow, in the neighborhood of the equator 
( = /2), is clearly seen in the polar distribution of the drag force (Figure 5.48).   
An interesting feature of the polar distribution plot is the appearance of a tail as the polar 
coordinate of the fine particles’ centers moves closer to the pole ( = 0) of the collector particle. 
(Unlike the SC cases, in this case there is no polar contact point, therefore, a fine particle can be 





Figure 5. 48 Drag force acting on each fine particle versus the polar coordinate of its center. 
Figure 5.49 shows three fine particles of the three polar coordinates that make up the tail in 
Figure 5.48. The relative position of these particles to the fastest streamlines suggests these 
particles are shielded by the packing structure, and thus lie in a zone of very slow flow.  
Further examination reveals a zone of circulation is created in the gap between the collector 
particle and its immediate polar neighbor in the BCC pack. While this circulation zone is not 
created in the contact point region of the collector, unlike the circulation zone of the SC packs, 
essentially, a similar mechanism leads to the formation of both. The flow of the bulk fluid along 
the macro flow direction (z-axis) creates these circulations at the poles of the collector particle in 





Figure 5.49  YZ-view: Three fine particles of polar coordinates, which correspond to the tail of 
Figure 5.48, are shown while the field of velocity magnitude is also depicted.   
Figure 5.50 shows the XZ-view of the circulation zone in the BCC pack. 
 
Figure 5.50 YZ-view: Depiction of the circulation zone created at the north pole of the collector 




Per our calculation, in the BCC pack, the formation of the circulation begins at approximately 
= /9 (20 degrees), while in the SC pack it begins at =6 /30 (36 degrees), which explains why 
the length of the tail is shorter in Figure 5.48 than its equivalent in the SC case.  
Figure 5.51 shows the azimuthal distribution of the drag forces. The largest range of drag forces 
occurs where the flow is channeled through (=0), due to the pore microstructure. As in the SC 
case, the lowest range of drag forces occurs at the azimuthal coordinate which is in the direct line 
between the mid-sphere contact points (= /4). 
 
Figure 5.51 Drag force acting on each fine particle versus the azimuthal coordinate of its center. 




As in the SC case, the distributions of the pressure forces and the viscous forces are analyzed. 
Figure 5.52(a) shows these distributions. Figures 5.52(b) and (c) show the locations of select fine 
particles in the vicinity of the collector particle.  
Unlike the SC case, where repeating ascending trends are seen for sets of particle indices 
belonging to fixed-polar coordinates, the BCC plot reveals repeating descending trends, which is 
entirely due to the microstructure of the pores in the BCC pack. 
Upon plotting the ratios of the pressure force to the total drag force of particle indices, which 
include fine particles adjacent to the mid-sphere contact point, similar trends to the SC cases are 
observed: fine particles closest to the contact point (equatorial contact point for the SC cases) 
show largest ratios of pressure to the total drag force for each set of fixed-polar coordinate.  
Figure 5.53 shows such trends in this case. 
Among the fine particles 71, 78, 85, 92 and 102, the largest ratio belongs to particle index 102, 
which has the shortest distance to a solid surface. While the shortest distance between the surface 
of fine particles 71, 78, 85 and 92 and the nearest solid boundary is 5.250E-03, which is their 
separation distance to the collector particle’s surface, particle index 102 has the shortest distance 
of 1.6400E-03 to the particle making the mid-sphere contact point. Therefore, it is the most 
confined fine particle in these simulations. 
As for the fine particles closest to the pole of the collector particle, Figure 5.54 shows the 





Figure 5.52 (a) Pressure & viscous fractions of the total drag force for each fine particle. (b) and (c) Locations of select fine particles 





Figure 5.53 Ratio of the pressure drag to the total drag force plotted for particle indices 62 to 71, 
72 to 78, 79 to 85, 86 to 92, and 93 to 102. Largest ratio in each set belongs to the fine particle 
adjacent to the mid-contact point. 
 
Figure 5.54 Distributions of the pressure and the viscous forces of particle indices 1 to 22 which 
are closest to the pole of the collector particle (=0).  
While the pressure and the viscous forces are, more or less, similar for particle indices 1 to 21, 




shows, particle indices 22 to 31 (=3 /30) are not inside the circulation zone, therefore, they 
experience much higher drag forces than particle indices 1 to 21. 
 
Figure 5.55 Position of particle indices 1, 2, 12, and 22 regarding the field of velocity magnitude. 
5.5.2.2.1 Comparison with Happel’s Model 
Figure 5.56 shows the polar distribution of drag forces experienced by the fine particles obtained 
using the Happel model and the simulations. Compared to the SC case of ap/ac = 1/100, the 
current results from the Happel model, show an improvement in predicting the “average” drag 
force for each set of fine particles at a fixed-polar coordinate. This is due to the fact that the 




been noted previously (Tien & Ramarao, 2007). And, the BCC pack has a considerably lower 
porosity (0.3198) than that of the SC pack (0.4764).  
 
Figure 5.56 Drag force acting on each fine particle versus the polar coordinate of the fine 
particle’s center obtained from Happel’s model and simulations. 
5.5.3 Case of ap/ac=1/50 
In this case, 138 different locations are used for placing the fine particles.  
5.5.3.1 Tetrahedral Mesh Specifications 




Table 5.15 General PMG Meshing Parameters for the BCC pack | Case 1/50 
Averaged Number of Elements per unit cell 89800 
Averaged Number of Nodes per unit cell 154200 
Contact Point Refinement Grid Size: Collector & Neighbor Particles 0.01 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0003 
Smoothed (Averaged element condition number ) 100 
Porosity  (
                           
              
) 31.95% 
                  




Table 5.16 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle 
Node Spacing 0.0015 
Extent 0.0250 
Decay Exponent 2.00 
Buffer (%) 0.4950 
Surface Nodes on the Fine Particle (Averaged.) 7000 
5.5.3.2 Results and Discussion 
Figures 5.57 shows the distribution of drag forces on the stationary fine particles (138 fine 





Figure 5.57 Distribution of drag forces (Total of 138 values) overlaid on the surface of a 
representative collector particle. 
The range of the simulation results spans 3 orders of magnitude in the resulting drag forces. As 
in the previous case, the maximum drag force occurs at [,] = [ /2, 0]. However, unlike the 
previous case, the minimum drag force occurs for the fine particle located at [,] = [ /30,  /4]. 
In the previous case it occurred for the fine particle at the collector particle’s pole. In this case, 
the fine particles located at the pole, [,] = [0, 0], experiences a larger viscous force than the 
fine particle experiencing the minimum drag force. In short, this shift in the position of the 
particle with the minimum drag occurs because of the larger size of the fine particle in this case 




In this case, the fine particle with the minimum drag has the same azimuthal coordinate as the 
mid-sphere contact point,. Therefore, due to the presence of a neighboring particle – which 
makes up the mid-sphere contact point with the collector particle – in the way of the fluid flow, 
the fine particle located at [,] = [ /30,  /4] is exposed to slower streamlines than the fine 
particle located at the pole of the collector particle. (Note: Both of these fine particles are 
centered inside the circulation zone.) 
Furthermore, the reason why, in the previous case of ap/ac =1/100, the minimum drag force is not 
experienced by a fine particle at a similar angular location similar to the current case, is due to 
the size of the fine particles. The larger the fine particles become, the more they experience the 
minute variations of the fluid flow, which most often occur away from the solid surfaces with 
no-slip boundary conditions. The centers of the fine particles of this case are 40% further away 
from the surface of the collector particle than in the previous case; therefore, the fine particles in 
this case experience more of the minute variations of the fluid flow.   
This point can be further observed in the overall distributions of the drag forces. As pointed in 
the previous case, the flow is more evenly distributed in the BCC structure than in SC case. 
Therefore, in light of the larger size of the particles in this case, it is expected that the drag force 
distribution be more evenly distributed than in the previous case. Of the 138 fine particles in this 
case, 87 experiences drag forces of the same order of magnitude as the maximum drag force 
obtained in these simulations. That is, approximately, 63% of the fine particles experiencing a 
drag force of the same order of magnitude as the maximum drag force compared to the previous 
case where this ratio is 43% of fine particles. Figure 5.58 shows the polar distribution of the drag 





Figure 5.58 Drag force acting on each fine particle versus the polar coordinate of its center. 
As for the azimuthal distribution of the drag forces experienced by the fine particles in this case, 
it closely resembles the trends seen in the previous case.  
It is observed that the ratios of the pressure force to the total drag force for fine particles, which 
are adjacent to the mid-sphere contact point, are higher in this case than in the previous case. As 
explained in the SC section, this is due to the effect of the relative size of the separation gap 
between the fine particle’s surface and the nearest solid boundary to the characteristic length of 
the fine particle. As in the SC case, the smaller this gap – relative to the fine particle’s radius — 
becomes, the larger the ratio of the pressure drag force to the total drag force becomes. This 
relationship is clearly seen in the current case as well. 
Particle indices 70, 77, 83, 90 and 98 are adjacent to the mid-sphere contact point. Reordering 




the indices are: 70, 77, 90, 98 and 83. Per Figure 5.59, the same ordering is seen for ratios of the 
pressure force. Particle index 70 has the highest pressure force fraction, while having the shortest 
distance to the nearest solid boundary (2.21E-04). Moreover, distance of particle index 83 from 
the nearest solid boundary is 5.25E-03.  
 
Figure 5.59 Ratio of the pressure drag to the total drag force plotted for particle indices 62 to 70, 
71 to 77, 78 to 83, 84 to 90, and 91 to 98.  
As before, the overall distributions of the viscous and the pressure forces of the fine particles 
also show the same repeating, descending trends, but, unlike the previous case, where this trend 
was not observed for particle indices 2 to 11 and 12 to 21, this trend begins early on in this case, 





Figure 5.60 Distributions of the pressure and the viscous forces of particle indices 1 to 21.  
An interesting feature of Figure 5.60 belongs to particle indices 12 to 21 where the ratios of the 
pressure force to the total drag force are less than the Stokes’ prediction of 1/3. This behavior is 
seen in the SC cases for fine particles positioned near where the circulation zone is beginning to 
form (6 /30). As explained before, this has to do with the pressure distribution experienced on 
the surface of the fine particle, which tends to concentrate along a flat line, which results in a 
less-than-Stokes-Law’s prediction of pressure force ratio. Particle indices 12 to 21 are positioned 
very close to this edge, and this proximity is reflected in their ratios of the pressure force to the 
total drag force. 
5.5.3.2.1 Comparison with the Happel Model 
Figure 5.61 shows the polar distribution of drag forces experienced by the fine particles obtained 
using the Happel model and the simulations. Compared to the previous BCC case of ap/ac = 
1/100, the predictions of the Happel’s model versus the simulation results do not show a 




the Happel model shows significant improvement, which is consistent with the earlier result and 
discussion. 
 
Figure 5.61 Drag force acting on each fine particle versus the polar coordinate of the fine 
particle’s center obtained from the Happel model and simulations. 
5.5.4 Case of ap/ac = 1/25 
In this case, 128 different locations are used for placing the fine particles.  
5.5.4.1 Tetrahedral Mesh Specifications 





Table 5.17 General Meshing Parameters for the BCC pack | Case 1/25. 
Averaged Number of Elements per unit cell 87600 
Averaged Number of Nodes per unit cell 151000 
Contact Point Refinement Grid Size: Collector & Neighbor Particles 0.01 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0003 
Smoothed (Averaged element condition number ) 100 
Porosity  (
                           
              
) 31.95% 
                  




Table 5.18 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle. 
Node Spacing 0.00300000 
Extent 0.05500 
Decay Exponent 2.50000 
Buffer (%) 0.48500001 





5.5.4.2 Results and Discussion 
Figures 5.62 shows the distribution of drag forces on stationary fine particles obtained from the 
simulations.  
 
Figure 5.62 Distribution of drag forces (Total of 128 values) overlaid on the surface of a 
representative collector particle. 
The range of the drag force results spans four orders of magnitude. As in the previous case, the 
minimum drag force occurs at [,] = [ /30,  /4]. However, unlike the previous two cases, the 
maximum drag force occurs for the fine particle located at [,] = [7 /15,  /4] instead of the fine 
particle located at [,] = [ /2, 0]. The polar distribution of the drag force exerted on the fine 





Figure 5.63 Polar distribution of drag forces for ap/ac = 1/25. The three data points corresponding 
to the three highest values of the drag force in the simulations are pointed to with arrows. 
In Figure 5.63, the middle arrow points to the data point corresponding to the maximum drag 
force. The values of the two points on either of its side are, approximately, 2E-05% less than the 
value of the maximum drag force in this case. This negligible difference is attributed to 
numerical uncertainty of our simulations, however, the results leads us to conclude that the rather 
even distribution of the fluid flow in a body-centered domain is more prominently reflected in 
the drag force distribution of this case compared to the previous two cases of the BCC domain. 
This is due to the larger size of the particles used in this case.  
Likewise, the azimuthal distribution of drag force in this case also depicts a smoother 





Regarding the fine particles which are adjacent to the mid-sphere contact point, it is seen that 
their pressure ratios are larger than the rest of the fine particles in this case, a behavior which is 
reported for the previous two cases as well. However, in this case, the largest pressure ratio is 
0.5283, which is slightly higher than the maximum pressure ratio seen in the previous case. 
Similar behavior was reported for suspended particles of SC case of ap/ac=1/25 compared to 1/50 
as well. Moreover, the overall distributions of the viscous and the pressure forces of the fine 
particles also show the same repeating, descending trends seen in the previous two cases, but, 
unlike the previous case, where this trend is seen for particle indices 2 to 11, this trend begins 
from particle index 12 in the current case (Figure 5.64). 
 
Figure 5.64 Pressure and viscous distributions of the particle indices 1 to 21. 
In fact, particle indices 2 to 11 have an approximate range of pressure ratios from 0.47 to 0.49, 
which is a notable, for the same particle indices in the previous case have an approximate range 
of 0.39 to 0.40. Additionally, the approximate range of pressure ratios for the same particle 
indices in the case of ap/ac=1/100 is 0.35 to 0.36. (While the angular position and the separation 
gap to the surface of the collector particle are similar in all of these cases for this set of particle 
indices, the Cartesian locations of the center of these particles differ.) Close inspection of the 




distributions are quite similar in all the three cases of ap/ac=1/100, 1/50 and 1/25. Therefore, the 
increase in the pressure ratios for this set of indices is due to the gradual decrease of the viscous 
ratios. Ultimately, it is concluded that increasing the size of the particles that are fully inside in 
the circulation zone (where the velocities are very small) affects the viscous ratio of their total 
drag force more than the pressure ratios.   
Regarding particle indices 12 to 21, it is seen that they possess less-than-Stokes-law pressure 
ratios, as seen in the previous case. The reason behind this behavior, as previously discussed, is 
due to the shape of the pressure gradient these particles experience. Figure 5.65 shows the 
distribution of the pressures of the nodes which make up the surface of particle index 16 versus 
their z-coordinates. 
 
Figure 5.65 Surface pressure of particle index 16 versus the z-axis (pressure ratio=0.2563). 
As evident in Figure5.65, most of the surface of the particle index 6 experiences, more or less, 




comparison, the distribution of the surface pressures of particle index 81, which has the highest 
ratio of the pressure force to the total drag force, is shown in Figure 5.66. 
 
Figure 5.66 Surface pressure of particle index 83 versus the z-axis (pressure ratio=0.5283). 
The shape of the pressure distrbution on the surface of these particle index 83 to particle index 
16 are starkly different – a difference that is refelcted in the pressure ratios of the totoal drag 
force experiecned by each of these particles   
5.5.4.2.1 Comparison with Happel’s Model 
Figure 5.67 shows the polar distribution of drag forces experienced by the fine particles obtained 






Figure 5.67 Polar distributions of the drag forces obtained from Happel’s model and simulations 
for case ap/ac=1/25 of the BCC domain. 
5.6 Face-Centered Cubic (FCC) 
5.6.1 Introduction 
5.6.1.1 Domain Geometry 
The FCC pack used in these simulations consists of 63 spherical particles which are the number 
of particles in a two-unit-cell by two-unit-cell in the FCC domain (see Table 5.19). A FCC unit 
cell is a cubic unit cell where there is a particle center on each face of the unit cell in addition to 
every vertex. FCC packs are believed (Kepler’s conjecture) to have the lowest porosity 
achievable in ordered, close packing of monodisperesed spherical particle. (Kepler’s conjecture, 





Figure 5.68 depicts the typical arrangement of constituent particles in a FCC structure in three-
dimensions.  
 
Figure 5. 68 Three-dimensional view of the 63 particles consisting the domain sans the bounding 
walls.  
Figure 5.69 shows the three layers of neighboring particles which surround the collector particle 
(the central particle in this 22 unit-cell domain).   
 
Figure 5.69 (a) The collector particle sans its neighbors. (b) and (c) The bottom and the top 




Table 5.19 FCC Domain Specifications. 
Number of Constituent Particles (whole, halves and pieces) 63 
Inlet and Outlet Surface Area 2.6130 
Porosity  0.2595 
In our simulations, the macro direction of the flow is along the z-axis. Therefore, contact points 
created with neighboring particles shown in Figures 5.69 (c) and (b) are, equivalent. However, 
they are different than the ones shown in Figure 5.69 (d). The contact points shown in Figure 
5.69 (b) and (c) are referred to as mid-sphere contact point, for their polar coordinate is  /2 ± 
 /4. (Contact points of   =  /2 -  /4 fall into the 1/8
th
 region of interest in our simulations.) 
Moreover, FCC mid-sphere contact points should not be mistaken with BCC mid-sphere contact 
points. The azimuthal coordinate of FCC mid-sphere contact points is 0, while the azimuthal 
coordinate of BCC mid-sphere contact points is  /4. Contact points shown in Figure 5.69 (d) are 
referred to as equatorial contact points, for their polar coordinate is  /2. However, they should 
not be mistaken with the equatorial contact points of the SC packing. Here, the azimuthal 
coordinate of the equatorial contact points is  /4, while in the SC pack, their azimuthal 
coordinate is 0.  
5.6.1.2 Placement of the Fine Particles 
Upon using the fine particle locator scheme, explained earlier, a typical arrangement in the 
region of interest (1/8
th





Figure 5.70 Yellow dots on the collector particle (black sphere) depict the positions of the fine 
particles. (a) The XY-view of the collector particle and its neighbors. (b) The ZY-view of the 
collector particle and its neighbors. 
As seen, the two types of the contact points in the FCC packing are included in the region of the 
interest where the fine particles are positioned. The mid-sphere contact point in the region of 
interest has the polar and azimuthal coordinates of [ /4, 0]. The angular coordinates of the 
equatorial contact point is [,] = [ /2,  /4]. 
5.6.1.3 Happel’s Sphere-in-Cell Specifications for FCC packs. 
The input variables for predicting the drag forces on the fine particles using the Happel model 
are presented in Table 5.20. 
Table 5.20 Input Variables for the Happel model to be used for compact FCC packs. 
Depth of the Liquid Shell 0.034872 




5.6.2 Case of ap/ac=1/100  
In this case, 136 different locations are used for placing the fine particles. Thus, results of 136 
separate Stokes flow simulations are reported. In the following two sections, information about 
the tetrahedral meshes used in the simulation are provided; then, the results of drag force 
computation are presented and discussed.  
5.6.2.1 Tetrahedral Mesh Specifications. 
The parameters used in generating the meshes of this section are given in Tables 5.21 and 5.22. 
Table 5.21 General PMG Meshing Parameters for the FCC pack | Case 1/100. 
Averaged Number of Elements per unit cell 83200 
Averaged Number of Nodes per unit cell 147700 
Contact Point Refinement Grid Size: Collector & Neighbor Particles 0.03 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0003 
Smoothed (Averaged element condition number ) 70 
Porosity  (
                           
              
) 24.80% 
                  




Table 5.22 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle.  
Node Spacing 0.00075 
Extent 0.00645 
Decay Exponent 2.50000 
Buffer (%) 0.4750 





5.6.2.2 Results and Discussion 
Figures 5.71 shows the distribution of drag forces on stationary fine particles obtained from the 
simulations. As in the previous cases, a color-gradient scale based on the values of the drag 
forces is used to depict the variations in magnitude. And, the results are superimposed on a 
representative collector particle, which has the same contact geometries as the collector particle 
in the FCC pack. The range of the simulation results covers 3 orders of magnitudes in the 
resulting drag forces, which is the smaller than the range of drag force results of ap/ac=1/100 
cases of both SC and BCC packs.  
 
Figure 5.71 Distribution of drag forces (total of 136 values) overlaid on the surface of a 




The minimum drag force occurs at [,] = [0, 0] and the maximum drag force occurs at 
[,] = [3 /15,  /4]. However, the second next largest drag force, a value extremely close to the 
maximum value (1.916E-05), occurs at [,] = [11 /30, 5/9 /4]. As seen in the Figure 5.71, 
there are two areas on the surface of the collector particle where high drag force values (hot 
colors) are experienced by the fine particles.  
In the FCC pack, the collector particle has a larger coordination number (12) compared to the SC 
(6) and the BCC (8) packs, resulting in a relatively more complex pore structure. Therefore, in 
Figures 5.72 and 5.73, the color-gradient drag force distribution is shown along with all 12 
constituent particles of the FCC pack that are in contact with the collector particle.   
 
Figure 5.72 Three-dimensional view: Distribution of the drag forces overlaid on a representative 





Figure 5.73 YX-view: Distribution of the drag forces overlaid on a representative collector 
particle shown in presence of the 12 neighboring particles. 
As with previous cases reported for the SC and the BCC packs, the fine particles adjacent the 
contact points and the pole of the collector particle experience less drag forces compared to the 
particles which are located between the contact points.  Moreover, as in the SC and BCC cases, 
the distribution of the drag forces, and the locations of the extrema of the distribution, reflects 
how the flow is channeled through the pore space in the domain. Additionally, as explained in 
the BCC case of ap/ac=100, as the number of contact points surrounding the collector particle 




forces experienced by the fine particles likewise have a tighter distribution of values. These 
points can be verified upon observing the flow field surrounding the collector particle in the FCC 
packing. 
 
Figure 5.74 ZY-view of the flow field surrounding the collector particle. 
The two hot spots corresponding to the two largest drag forces experienced by the fine particles, 
seen in Figure 5.71, are shown in Figure 5.75 to be the locations where the velocity magnitude is 
the highest, as expected. Results reveal the maximum drag force to be approximately 0.2% 
greater than the second largest drag force in our simulations. We believe this negligible 




because the general symmetry of the face-centered cubic pack suggests that these two drag forces 
should be equal.  
 
Figure 5.75 Three-dimensional view of the velocity magnitude field surrounding the collector 
particle.  
As mentioned earlier, due to the higher number of contact points in the FCC packing , the fluid 
flow is expected to be more evenly distributed in the FCC packing than the BCC packing. While 
the color-coded streamlines of Figure 5.74 do a good job of depicting this quality of the flow 
field, it can be better seen in the azimuthal and the polar distributions of the drag force values 
experienced by the fine particles in the vicinity of the collector particle (Figure 5.76). 
It should be noted that no circulation zone is observed in the flow field surrounding the collector 




microstructure of the pores in the FCC packing, which prevents the formation of circulation 
zones.  
 
Figure 5.76  Polar distribution of the drag forces (total of 136 values) experienced by the 
suspended fine particles.  
While only 35% of the fine particles experience drag forces of the same order of magnitude as 
the maximum drag force, which is less than the fraction obtained for the BCC case of 1/100 
(43.66%), it should be noted that the in this case the range of the drag force values is one order of 
magnitude less than the BCC case. Therefore, the overall transition from low drag forces on the 
fine particles to large drag forces is smoother than in the BCC case. 
Similar smooth transition seen in the polar distribution of the drag forces is also seen in the 





Figure 5.77 Azimuthal distribution of the drag forces experienced by the suspended fine particles 
of the FCC case of ap/ac=1/100.  
As in the previous cases, the distributions of the pressure forces and the viscous forces are 
analyzed. Figure 5.78 (a) shows these distributions. Figures 5.78 (b) and (c), show the locations 
of select fine particles in the vicinity of the collector particle.  
Unlike the SC and the BCC cases, no dominant, repeating trend is seen for sets of particle 
indices belonging to a fixed-polar coordinate.  
Sets of particle indices 42 to 51, 52 to 59, 60 to 66, 67 to 73, 74 to 81, and 82 to 91 include fine 
particles, which are adjacent to the mid-sphere contact point. Sets of particle indices 112 to 121, 
122 to 129, and 130 to 136 include fine particles, which are adjacent to the equatorial contact 





Figure 5.78 (a) Pressure & viscous fractions of the total drag force for each fine particle. (b) and (c) Locations of select fine particles 




Upon plotting the ratios of the pressure force to the total drag force of particle indices which 
include fine particles adjacent to the mid-sphere contact point (Figure 5.79), a direct relationship 
between the distance of the fine particle to the nearest solid boundary, and the ratio of its 
pressure force to the total drag force is seen similar to the reported observations in the SC and the 
BCC cases. 
 
Figure 5.79 Pressure ratios of the total drag force experienced by fine particles of the following 
indices: particle indices 42 to 51, 52 to 59, 60 to 66, 67 to 73, 74 to 81, and 82 to 91. 
The largest ratio (0.4670) in Figure 5.79 belongs to particle index 60, which, also, has the 
smallest separation gap (3.90E-04) to its surrounding solid boundaries. Particle indices 52, 67, 74 




separation gaps of 1.20E-03, 1.65E-03, 2.87E-03 and 5.25E-03, which are, evidently, in the 
increasing order. 
Regarding the particle indices, which include fine particles adjacent to the equatorial contact 
point (Figure 5.80), a similar relation between the distance from the solid boundaries and the 
drag force experienced by the fine particles adjacent to the equatorial contact points is observed.     
 
Figure 5.80 Pressure ratios of the total drag force experienced by fine particles of the following 
indices: 112 to 121, 122 to 129, and 130 to 136.  
Particle index 129, which has the highest ratio of the pressure to the total drag force per 
Figure.10, also, has the smallest distance (2.58E-03) to the nearest solid boundaries than the 




5.6.2.2.1 Comparison with the Happel Model 
Figure 5.81 shows the polar distribution of drag forces experienced by the fine particles obtained 
using Happel’s model and the simulations.  
 
Figure 5.81 Drag force acting on each fine particle versus the polar coordinate of the fine 
particle’s center obtained from Happel’s model and simulations. 
Compared to the cases of ap/ac = 1/100 in both the SC and the BCC domains, results of Happel’s 
model, in this case, are considerably better in predicting the “average” drag force for each set of 
fine particles at a fixed-polar coordinate. As previously mentioned, the Happel model should 
ideally be used for granular porous media of small porosities, as it has been noted (Tien & 
Ramarao, 2007). And, the FCC pack is believed to have the lowest porosity achievable for 




the Happel model, seem to – strictly speaking relative to the SC and the BCC results – capture 
the approximate behavior of the drag force distributions experienced by suspended fine particle.  
An interesting feature of Figure 5.81 is how the predictions of the Happel’s model gradually 
follow the smooth increase seen in the simulations data from =0 to 3 /16, which can only be 
due to the fact that there is no circulation zone in the FCC packing.   
5.6.3 Case of ap/ac=1/50.  
In this case, 128 different locations are used for placing the fine particles.  
5.6.3.1 Tetrahedral Mesh Specifications. 
The parameters used in generating the meshes of this section are given in Tables 5.21 and 5.22. 
Table 5.23 General PMG Meshing Parameters for the FCC pack | Case 1/50. 
Averaged Number of Elements per unit cell 85900 
Averaged Number of Nodes per unit cell 151600 
Contact Point Refinement Grid Size: Collector & Neighbor 
Particles 
0.03 
Contact Point Refinement Grid Size: Collector & Fine Particle 0.0003 
Smoothed (Averaged element condition number ) 80 
Porosity  (
                           
              
) 24.80% 
                  






Table 5.24 Meshing Parameters Used in Finely Meshing the Surface of the Suspended Fine 
Particle.  
Node Spacing 0.00150000 
Extent 0.02500 
Decay Exponent 2.00 
Buffer (%) 0.4950 
Surface Nodes on the Fine Particle 
(Averaged.) 
7100 
5.6.3.2 Results and Discussion 
The drag force distribution of this case shows similar trends as in the previous case, except for 
the range of the drag forces which spans 2 orders of magnitudes. The maximum drag force is 
5.27734E-05, and the minimum drag force is 3.05651E-06. Compared to the SC, and BCC cases 
of ap/ac=1/50, where the range of drag forces span 5 and 3 orders of magnitudes, the range of 
drag force values in the FCC case is the smallest, which is testament to the even nature of the 
flow in the FCC domain. 
The maximum drag force occurs at [,] = [11 /30, 5/9 /4], and the second largest value 
occurs at [,] = [3 /15,  /4]. The second largest drag force is 99.60% of the maximum drag 
force. The position of these two largest values of drag force is similar to the previous case. The 
minimum occurs at the pole of the collector particle as in the previous case as well.  
Regarding the pressure and viscous fractions of the total drag force, similar trends as in the 




5.6.3.2.1 Comparison with the Happel Model 
















Chapter 6: Application: Transport of Suspended, Fine Particles in Disordered 
Granular Porous Media 
6.1 Introduction 
While the previous chapter focused, on drag force distribution of suspended fine particles in 
ordered packs, the current chapter addresses drag force distribution of suspended fine particles in 
a disordered pack. The organization of this chapter is as follows: 
 General information regarding the simulation geometry, and meshing parameters is 
presented. 
 Detailed information about collector particle 1 and its neighboring particles is presented. 
 Results of the drag force distribution of suspended fine particles near the collector 
particle 1 are reported and discussed.  
 Detailed information about collector particle 2 and its neighboring particles is presented. 
 Results of the drag force distribution of suspended fine particles near the collector 
particle 2 are reported and discussed.  
 Summary.  
6.2 Simulation Geometry  
The computational domain is a cutout from the interior of a larger sphere packing. The parent 
domain is a computer-generated, random packing of 1,000 spherical particles of identical sizes 
with periodic boundaries (38% porosity). Figure 6.1 shows the 1,000-sphere packing.  
The cutout is a cube that contains 178 spherical particles. The center of this smaller cube is the 




original cubic domain. The reason the full 1,000-sphere packing is not used is that the 
computational problem would be too large, especially with the higher resolution needed near 
sphere-sphere contact, and because our work requires numerous simulations to gather data.  
 
Figure 6.1 Image of the computer-generated, random 1,000-sphere packing (38% porosity). 
Choosing a proper, smaller-sized domain requires careful consideration for two reasons. First, 
the sides of the domain have to have approximately similar values of open surface areas (where 
the moving fluid enters or exits). Otherwise, one half of the domain will be biased to the moving 
fluid, thereby, creating a condition which usually happens in special scenarios, such as blockage 
of oil well perforations by sand migration, or the corrosion of certain grains close to a certain 
boundary due to unforeseen chemical or physical processes. As the purpose of this analysis is to 
investigate the drag force distribution experienced by suspended fine particles near a collector 
particle, which is part of a random, granular pack of general characteristics, any unnecessary bias 




ordered pack sections, the collector particle is chosen sufficiently away from the bounding walls 
of the cubic domain to minimize any wall effect. The same consideration applies here as well.  
The length of the chosen domain is 333 [L]
3
. The porosity of the cutout domain – based on the 
generated numerical mesh – is 36%, which is slightly smaller than the larger, original random 
pack of 1,000 spheres.  For reference, we note that this cutout has 2.82 times more particles than 
the largest ordered pack in this study (face-centered cubic pack has 63 particles). Moreover, its 
total volume (solid + void phases) is approximately 3.5 times greater than the total volume of the 
FCC pack. 
Ultimately, upon making a moderately coarse mesh of this domain, more unknowns need to be 
solved than the simulations involving the FCC pack – approximately 2.36 times more unknowns 
than in the FCC simulations.   
6.2.1 Collector Particles 
Two constituent particles in the 178-sphere packing positioned in the central region of the 
domain are chosen as the collector particles. By analyzing two collector particles, we have the 
opportunity to examine variations that occur because of the disorder in a random packing.  
The radius of the collector particles (and the rest of the particles in the domain) is 0.35, which is 
of the same radius as the particles of the SC, BCC and FCC cases discussed previously.  
6.2.2 Fine Particles  
The same spherical coordinate system used with the ordered pack analysis is used in in this 
chapter. However, instead of choosing 1/8
th
 of the surface area of the collector particle, the entire 




region of interest on the surface of the collector particle, the same algorithm and considerations 
are applied in positioning the fine particles. 
6.3 The Happel Model Specifications for the Disordered Pack  
As in the ordered pack, the simulation results of the disordered pack are compared with the 
predictions of the Happel model. As the random domain is the same for both collector particle 
and 2, the same input variable for the Happel model is needed in both cases (Table 6.1). 
Table 6.1 The Happel model input parameters. 
Depth of the Liquid Shell  [ac/(1-)
3 
- ac] 0.056157 
Approach Velocity (Superficial Velocity) 0.010620 
6.4 General Meshing Remarks 
Because the disordered domain is considerably larger than the ordered domains considered in the 
previous chapter, generating a numerical mesh of the same resolution would have resulted in 
millions more of degrees of freedom. Adding to the challenge is that the number of simulations 
needed for the disordered pack studies increases. Specifically, analyzing on one octant of the 
particle (as was done for the ordered packings) is not possible here because the structures possess 
no symmetry. Therefore, the entire range of the collector particle needs to be considered for the 
simulations, which results in hundreds more of simulations. For example, the SC case of 
ap/ac=1/100 required us to perform 135 simulations, but the same analysis for the same fine-to-
particle size ratio in the random pack for collector particle 1 results in 825 simulations. 
To accommodate the increased computational demands, we chose a coarser mesh resolution for 




largest domain of ordered packs (FCC). The meshing parameters used for random pack domain 
are presented in the following tables.  
Table 6.2 General Meshing Parameters for the Random Domain. 
General Node Spacing 0.09 
Smoothing  Yes 
Over contact point refinement No 
Within the overall coarse grid, three types of refinement are made in the regions of interest: 
particles 1 and 2 are meshed with a fine resolution; contact points b etween these two collectors 
and their neighbors are refined using a fixed grid size; additional attention is given to small gaps 
formed between the collector particles and some of their neighboring particles. There are four 
small gaps in total, which are different sizes. If these four gaps are not meshed using local 
refinement techniques, their void spaces will not be fully realized. The meshing parameters used 
for meshing the collector particles, contact points and the small gaps are provided in the 
following tables.      
Table 6.3 Cartesian coordinates of the collector particles and the small gaps regions used in the 
shell feature for refinement purposes. 
Object Type X-coordinate Y-coordinate Z-coordinate 
Collector Particle 1 1.472090 1.469215 1.176070 
Collector Particle 2 1.396244 1.287033 1.843461 
Small Gap 1 1.640780          1.027382 1.900244 
Small Gap 2 1.219257 1.570240 1.711950 
Small Gap 3 1.337416 0.952524 1.745614 





Table 6.4 Meshing parameters used in the shell feature routine. 
Object Type Node 
Spacing 
Buffer Decay Exponent Extent Radius 
Collector Particle 1 0.0300 0.45 1.7 0.038 0.350 
Collector Particle 2 0.0300 0.45 1.7 0.038 0.350 
Small Gap 1 0.0081 0.00 2.0 0.025 0.010 
Small Gap 2 0.0081 0.00 2.0 0.025 0.010 
Small Gap 3 0.0081 0.00 1.6 0.025 0.010 
Small Gap 4 0.0060 0.00 1.8 0.025 0.010 
 
Table 6.5 Fixed grid sizes used to refine the tetrahedral elements connecting different solid 
boundaries. 
Contact Point Refinement Grid Size 0.0345 
Small Gap Refinement Grid Size 0.0080 
Fine-to-Grain Contact Point Grid Size 0.0003 
6.5 Collector Particle 1 
6.5.1 Introduction 
The Cartesian location of this particle is [x, y, z] = [1.47209, 1.469215, 1.176070], which is very 
close to the center of the XY-plan, and sufficiently inside the domain along the z-axis, which is 
the direction of the macro flow.  
This particle has eight neighboring particles. Six of these neighbors are in contact with the 
collector particle, but two are not touching the collector. The largest gap is of length 0.05623, 
which is about 16% of the radius of the collector particle. Moreover, one of the neighboring 




to distinguish as such, regions where two particles are touching are referred to as contact points, 
whereas the mid-point in a gap between the collector and a neighboring particle is referred to as 
near-sphere contact. From this point forward, to simplify our reporting, each of the 8 neighboring 
particles are referred to as Neighbor X (which ranges from 1 to 8) or NX. For example, N5 is 
collector particle 2. The particle with the largest gap of 0.05623 is N3.   
The angular coordinate of the contact points and the near-particle contact are reported in 
Table 6.6.  
Table 6. 6 Angular coordinates of the contact points and near-particle regions regarding collector 
particle 1 of the disordered pack. 
Neighbor Azimuthal (Degree) Polar (Degree) Color in Figure 2. 
N1 171.2438 103.6314 Yellow 
N2 260.0257       144.4675 Magenta 
N3 86.40125 68.4184 Cyan 
N4 313.2829 132.1774 Red 
N5 188.093 16.4722 Green 
N6 251.5112 112.6364 Blue 
N7 14.93557 67.3958 White 
N8 122.0026 54.9545 Black 
 Figure 6.2 shows collector particle 1 and its 8 neighbors. The collector particle (dark teal) is the 





Figure 6.2 (a) XY-view of collector particle 1 and its neighbors. (b) XZ-view of collector particle 
1 and its neighbors. (c) YZ-view of collector particle 1 and its neighbors. (d) XYZ-view of 
collector particle 1 and its neighbors. 
6.5.1.1 Placement of the fine particles 
A spherical grid is imposed on the entire surface of the collector particle. The range of the polar 
coordinate, and azimuthal coordinate of this grid are [0 ] and [0 2 ] respectively. The polar and 
azimuthal ranges are divided into 30 interior angles of  /30 and 2 /30 respectively. The resulting 
surface grid points are checked to see if they can be used as the centers of fine, suspended 
particles. As in the ordered packs, the condition required for a valid fine particle centered at such 
a location is that it cannot intersects with the collector particle or any of its neighbors.   
A typical set of locations obtained for the case of ap/ac=1/100 is shown in Figure 6.3. The 





Figure 6.3 (a, b, c) Three-dimensional views of the collector particle and the suspended, fine 
particles (yellow dots). 
Figure 6.4 shows Figure 6.3(a) while the neighboring particles are plotted transparently.  
 
 
Figure 6.4 Three-dimensional view of the collector particle 1, which is surrounded by the 




6.5.2 Case ap/ac=1/100 
6.5.2.1 Results and Discussion 
In this case, 825 locations qualified to be used for positioning of the fine particles. Thus, the 
results of 825 simulations are reported and discussed.   
Figure 6.5 shows two views of the field of the velocity magnitude surrounding the collector 
particle 1. The bald spots are where neighboring particles are located.  
 
Figure 6.5 Field of the velocity magnitude surrounding collector particle 1 (a) YZ-view, (b) XZ-
view. 
As seen in Figure 6.5, the flow field surrounding the collector particle does not follow a regular 
pattern. However, the flow characteristic is reflected by the distribution of drag forces 
experienced by the fine particle surrounding the collector particle, as seen in the ordered packs. 




similar to Figure 6.5. The hot spots (where velocity magnitude is quite large), seen in Figure 6.5, 
can be easily spotted in Figure 6.6 as well.  
 
Figure 6.6 Distribution of drag forces experienced by the 825 suspended, fine particles in the 
civinity of the collector particle1 (a) YZ-view, (b) XZ-view. Upon comparison with Figure 5 
(a,b), it is seen that the hot spots in both figures correspond to the same regions. 
Figure 6.7 shows the polar distribution of the drag forces experienced by the suspended, fine 
particles.  
 
Figure 6.7 Polar distribution of the drag force values experienced by the 825 suspended, fine 




The range of the results spans four orders of magnitude. The distribution of the drag forces – in 
particular the large values of the drag forces near the equator (= /2) which is where the 
maximum drag force occurs — is suggestive of the distribution of the drag forces in the 
standard-cubic pack. Morever, the transition from the maximum  drag force, occuring at (= /2), 
to lower values of the drag force is smoother than in the SC case and lacks the tail that was 
observed for the SC and the BCC cases. 
The gradual decrease in the values of the drag force as the fine particles move closer to the poles  
of the collector particle 1 is because there are other spherical particles, neighboring or not, which 
prevent the collector particle from having any front or back stagnation points due to their role in 
shielding the collector particle from the moving fluid. This is similar to what we previously 
observed in the SC, BCC and  FCC packs as well.  It must be noted that the spherical coordinate 
system used in this work has the same orientation as in the ordered packs: the poles correspond 
to the minimum and  maximum of the z-coordinate of the collector particle. For this particular 
collector particle, the maximum drag force is along the equator ( relative to the macroscopic flow 
direction).    
Figure 6.8 shows the azimuthal distribution of the drag forces experienced by the suspended, fine 
particles. The x-axis is from 0 to 360 (2 ). As seen, the minimum range of drag forces 
(9.898E-07 to 6.889E-06) belong to fine particles of =252. The next smallest range 
(1.024E-06 to 7.691E-06) belong to =96. The maximum range of drag forces 
(3.572E-07 to 5.436E-05), which includes the maximum drag force, occurs for particles of 
=60. The next four highest ranges, which have an upper limit greater than 4.50E-05 occur for 





Figure 6.8 Azimuthal distribution of the drag force values experienced by the 825 suspended, 
fine particles around the collector particle 1 (ap/ac=1/100). 
Upon closer examination of these data, it is seen (Figure 6.9) that the minimum range of the drag 
forces (=252) occurs for an azimuthal line which emanates from N5 and passes through 
particle N6. The azimuthal coordinate of N6 (=251.5112).  
 




Further investigation reveals that four out of the five lowest ranges of drag forces belong to 
azimuthal coordinates (=252, 96, 0, 240) which pass through a contact point near the 
equator of the collector. The fifth azimuthal coordinate (=156) belongs to fine particles which 
pass through a region near particle N8. These fine particles have the fourth smallest range of 
drag forces. The shortest distance of the small gap between N8 and the collector particle is 
approximately 0.0042, which is smaller than then the diameter of the fine particles (0.0070) of 
this case.  
The fact that the minimum range – and the majority of lowest ranges of the drag forces in the 
azimuthal distribution plot — belongs to fine particles which are directly between a near-polar 
contact point and a near-equatorial contact point comes as no surprise, for the same trend is 
consistently seen in the SC, the BCC and the FCC cases. In those cases, the lowest range of the 
drag forces belongs to fine particles, which are centered on an azimuthal line, which passes 
through a mid-sphere contact point (BCC and FCC) or is confined between the polar contact 
point and the equatorial contact point (SC). It is indeed the presence of the [near-]equatorial 
contact point that in both compact ordered and disordered packs creates confined spaces within 
the pore microstructure, which in turn become spaces where the moving fluid has to overcome a 
higher resistance to  flow, making such spaces to be non-preferential flow paths for the moving 
fluid. As for the azimuthal line passing through a small gap space, it is seen that the presence of 
particle N8 directs the flow to move away from the particle of =156, therefore, shielding any 
fine particle in that vicinity from the fast streamlines.  
Regarding fine particles of =60, where the maximum range occurs, it is seen that this 




four largest azimuthal ranges of the drag forces experienced by the fine particles (=24, 36, 
48, and 72) occurs in the same region (see Figure 6.10(a)). 
 
Figure 6.10 (a) The maximum azimuthal range occurs at =60 which is in the open region 
between N1 and N7. The next four largest rages are in this region as well (=24, 36, 48, and 
72), (b) the field of the velocity magnitude corresponding the region in between N1 and N7 
(bald spots correspond to the location of the contact points). 
This region between N1 and N7 corresponds to a preferential flow path where the streamlines are 




Figure 6.11 shows the distribution of the pressure ratios of the drag forces for all the particles of 
this case. (Because there are so many more data points than in the ordered pack, it is impractical 
to plot the bar plots of viscous and pressure forces, however, the plot in Figure 6.11 is sufficient 
for our purpose which is to study deviations from the Stokes Law.) 
 
Figure 6.11 Overall distribution of the pressure ratios of the total drag forces experienced by the 
825 fine, suspended particles in the vicinity of the collector particle 1. 
As evident in Figure 6.11, the majority of the pressure ratios of the data points are in the range of 
0.34 to 0.36. The maximum and minimum pressure ratios are approximately 0.46 and 0.3185. 
Overall, this plot is suggestive of the distribution of the pressure ratios in the face-centered cubic 
oacking with ap/ac=1/100. Similar to this case, in the FCC case, the majority of the pressure 
ratios are between 0.34 to 0.36, having a maximum of 0.4671 and a minimum of 0.3173, which 
occurs for the sole fine particle located at the pole of the collector particle in the FCC case.  
For comparison, Figure 6.12 containing the overall distribution of the pressure ratios in the FCC 
case follows. In the FCC case, the pressure ratios greater than 0.36 all occur for particles which 




less-than-Stokes-law pressure ratio occurs for the fine particle located at the pole of the collector 
particle.  
 
Figure 6.12 Overall distribution of the pressure ration for the FCC case of ap/ac=1/100 (136 data 
points). 
In light of the similarity of Figure 6.11 and Figure 6.12 (but without the distinct patterns 
characteristic of the ordered pack), we believe it is fair to expect to observe similar behavior in 
the fine particle of this case as well. That is, all the fine particles that have pressure ratios greater 
than 0.36 in Figure 6.11, should be located near the contact points of the collector particle. 
Furthermore, all the fine particles, which have pressure ratios less than 0.34 in Figure 6.11, 
should be near the poles of the collector particle 1. To verify the aforementioned expectations, all 
the particles, which have pressure ratios greater than 0.36 or less than 0.34, are plotted 
separately. According to our observations, all of these 119 particles happen to concentrate 
around the contact points.  Figure 6.13 shows three different three-dimensional views of the 119 





Figure 6.13 Three different views of the 119 fine particles that have pressure ratios greater than 
0.36. It is observed that all of them are located near the contact points of the collector particle 1, 
which is the same trend seen in the FCC packs. 
Figure 6.14 shows the twelve fine particles that have pressure ratios less than 0.34. It is observed 
that all of these particles are located near the two poles of the collector particle.  
 
Figure 6.14 The 12 fine particles having pressure ratios of less than 0.34 are plotted using yellow 




In light of our observations based on both Figures 6.13 and 6.14, it is concluded that our 
expectation that the similarity in the pressure force distribution between the FCC and this case 
extends to similar structural positions for the locations of the pressure ratios that deviate from the 
Stokes Law is validated.   
6.5.2.2 Comparison with the Happel model  
Figure 6.15 shows the predictions of the Happel’s model for the drag force experienced by the 
suspended, fine particles of this case plotted in the presence of the simulation results.  
 
Figure 6.15 Predictions of the drag forces experienced by the suspended, fine particles near 
collector particel 1obtained using the Happel  model and simulations plotted simutaneously 
The results of the Happel model do a good job of providing “average” estimates of the drag force 
near the poles of collector particle 1, much like the comparison with the Happel model for the 
FCC case. (In both SC and BCC cases, estimates of the Happel model for near-pole region are 
considerably larger than the simulations, which are due to the presence of the polar circulation 




However, for the fine particles located near the equator of the collector particle – a region that 
includes the space between N1 and N7 where the highest drag forces occur – the estimates of the 
Happel model do not seem to capture the overall behavior of the drag force trend. This is 
especially seen for 72  108.  The prediction of Happel’s model is nearly 3.7 times smaller 
than the maximum drag force obtained from the simulations. This discrepancy is even larger than 
in the ordered packs, where the largest deviation belongs to the SC case of ap/ac=1/100. In the SC 
case, the Happel model prediction of the largest drag force is approximately 50% smaller.  
6.6 Collector Particle 2 
6.6.1 Introduction 
The Cartesian location of this particle is [x, y, z] = [1.396244, 1.287033, 1.843461]. This particle 
has nine neighboring particles. Five of these neighbors are in contact with the collector particle, 
but four are not touching the collector. Of these four, the smallest gap is 8.8046E-04, which is 
about 25% of the radius of the smallest fine particle used in this study. The largest gap is 
2.2331E-02, which is approximately six times greater than the radius of the smallest fine particle 
used in this study. 
The angular coordinate of the contact points and the near-particle contacts are reported in 
Table 6.7. Figure 6.16 shows collector particle 2 and its 9 neighbors. The collector particle (dark 
teal) is the central particle. The orange particle is the collector particle 1, which is a neighbor of 






Table 6.7 Angular coordinates of the contact points and near-particle regions regarding collector 
particle 2 of the disordered pack. 
Neighbor Azimuthal (Degree) Polar (Degree) Color in Figure 6.16 
N1 261.2438 55.8916 Yellow 
N2 350.0257 106.0710 Magenta 
N3 176.4012 37.6801   Cyan 
N4 43.2829 80.9543 Red 
N5 278.0930 123.7873 Green 
N6 341.5112 46.5636 Blue 
N7 104.9356 65.7118 White 
N8 212.0026 111.4939 Black 
N9 157.3954 163.5275 Orange 
  
 
Figure 6.16 (a) XY-view of collector particle 2 and its neighbors. (b) XZ-view of collector 
particle 2 and its neighbors. (c) YZ-view of collector particle 2 and its neighbors. (d) XYZ-view 




6.6.1.1 Placement of the fine particles 
Similar considerations and procedures as in the case of collector particle 1 are applied to do this 
task as well.   
6.6.2 Case ap/ac=1/100 
6.6.2.1 Results and Discussion 
In this case, the results of 824 simulations are reported and discussed. Figure 6.17 shows two 
views of the field of the velocity magnitude surrounding the collector particle 2. The bald spots 
are where neighboring particles are located.  
 
Figure 6.17 Field of the velocity magnitude surrounding collector particle 2 (a) YZ-, (b) XZ-
views. 





Figure 6.18 Two different views of the distribution of the drag forces experienced by the 824 
suspended, fine particles near collector particle 2. 
The range of the drag forces experienced by the fine particles spans three orders of magnitudes. 
However, the minimum value of the drag forces in this case is approximately 1.5 times the 
minimum of the case of ap/ac=1/100 of collector particle 1. The largest drag force experienced by 
the fine particles in this case is 88.916% of the maximum drag force of fine particles 
(ap/ac=1/100) of collector particle 1. Overall, it appears the range of the drag forces experienced 
by the fine particles in both cases of collector particles 1 and 2 of ap/ac=1/100 are close.  
Figure 6.19 shows the polar distribution of the drag forces of the fine particles. The maximum 
drag force occurs at =72, which is an eighteen degrees shift from the similar case of collector 
particle 1 (max. drag force occurs at =90 for collector 1). Moreover, it appears there exists a 
second region (36 48) – closer to pole of =0 than where the maximum drag force occurs 
– where the fine particles experience considerably large drag forces as well. The main reason 
why the polar distribution of drag forces of fine particles near collector particle 2 is different 
from that of collector particle 1 is due to the unique flow fields seen by each of these collector 




fields. For example, collector particle 1 has a contact point at =16, while the closest contact 
point to the North Pole (=0) of collector particle 2 occurs at =37.6801 (formed with particle 
N3).  The same explanation applies to why the location of the maximum drag force in this case 
has shifted compared to the similar case in collector particle 1.    
 
Figure 6.19 Polar distribution of the drag force values experienced by the 824 suspended, fine 
particles around the collector particle 2 (ap/ac=1/100). 
Figure 6.20 shows the azimuthal distribution of the drag forces near collector particle 2.  
 
Figure 6.20 Polar distribution of the drag force values experienced by the 824 suspended, fine 




As in the similar case in collector 1, the maximum range of drag forces of this case occurs in the 
spaces formed between two neighboring particles of the collector particle, which are 
approximately located near the equatorial orbit. In this case, the maximum range of the drag 
forces occurs at =336, which passes through the void space created between particles N4 
(=80.9543) and N7 (=65.7118).  It turns out other lines of fixed-azimuthal coordinates 
which corresponds to large ranges of the drag forces (=348, 36, 48, 132, 144, 204, and 
216) also occur in the void spaces formed between neighboring particles of the collector 
particles. Figure 6.21 shows the XY-view of the eight fixed-azimuthal lines, mentioned above, 
overlaid on a representative collector particle in the presence of its neighbors (plotted 
transparently).  
 
Figure 6.21 XY-view of the constant azimuthal lines corresponding to the eight largest ranges of 
the drag forces in this case.  These lines pass through spaces made between neighboring particles 
of the collector particle. The neighboring particles of collector 2 are plotted transparently to 
better depict the locations of the fixed-azimuthal lines. (The azimuthal line having the maximum 




The minim range occurs at =180. The next smallest range is of =12, which has a very close 
range to the minimum range.  
Figure 6.22 shows these fine particles belonging to these two fixed-azimuthal lines. As in the 
case of ap/ac=1/100 of collector 1, these azimuthal lines pass through contact points that are near 
the equatorial orbit or = /4.  
 
Figure 6.22 XZ-view of the fixed-azimuthal lines of the lowest two drag force ranges of 
ap/ac=1/100 of collector particle 2. It is seen that these azimuthal lines pass through the contact 




Regarding the distribution of pressure ratios, similar trends as in the case of collector particle 1 
are observed. Figure 6.23 shows the pressure ratio distribution.  
 
Figure 6.23 Distribution of the pressure ratios of the total drag forces experienced by the 824 
fine, suspended particles near collector particle 2. 
Upon closer inspection, it is revealed the positions of the fine particles that have pressure ratios 
greater than 0.36, or less than 0.34 are similar to what we reported for the ap/ac=1/100 case of 
collector particle 1.  
6.6.2.2 Comparison with the Happel model  
Figure 6.23 shows the predictions of the Happel model for the drag forces experienced by the 
fine, suspended particles near collector particle 2 in the presence of the simulations results. The 
predictions of the Happel model are the same as in the similar case of collector particle 1, for the 
input variables are the same in both cases.    
The largest prediction of the Happel model is nearly 3.3 times smaller than the maximum drag 






Figure 6.24 Predictions of the drag froces experienced by the suspended, fine particles near 
collector particel 2 obtained using the Happel model and simualtions plotted simutaneously. 




Chapter 7: Special Topics 
7.1 Clusters of Suspended Fine Particles 
7.1.1 Example 1 
While in chapters 5 and 6, each simulation was performed to obtain the drag force on one single 
fine particle suspended in the granular domain, in this section, the drag forces on clusters of fine 
particles that are positioned near each other are computed, using the same methodology as 
before. Obviously, the drag force experienced by one fine particle that is not surrounded by any 
other fine particle is going to be different from when it is surrounded by neighboring fines.  
To demonstrate this matter, in the FCC case of ap/ac=1/50, two sets of suspended fine particles 
were chosen. One set, consisting of 5 fine particles, is of the same polar angle. The other set, 
consisting of 11 fine particles, is of the same azimuthal angle. Figure 7.1 shows these two sets.  
 
Figure 7.1 The 11 fine particles of the same azimuthal angle are boxed in. 
Two sets of Stokes flow simulations are performed. One contains 11 fine particles (same 




(same polar angle). Both simulations are performed under similar imposed traction boundary 
conditions, and meshing parameters. The results of the drag force computations in each case are 
compared with the results obtained for simulations involving an individual fine particle.   
The results of the same-polar-angle simulation versus the corresponding individual simulation 
are presented in Figure 7.2. 
 
Figure 7.2 Comparison of the drag force values of the cluster simulation versus the individual 




The results of the same-azimuthal-angle simulation versus the corresponding individual 
simulation are presented in Figure 7.3. 
 
Figure 7.3 Comparison of the drag force values of the cluster simulation versus the individual 
simulations for each of the 11 fine particles making up the azimuthal cluster.   
The drag forces experienced by fine particles of the fixed-azimuthal-angle simulation seem to be 
more different than the results obtained using individual fine particle simulation compared to the 




FCC domain. Figure 7.4 is helpful in understanding the local velocity field around the collector 
particle in the FCC domain.   
 
Figure 7.4 (a) The two clusters of fixed-azimuthal and fixed-polar particles are highlighted using 
yellow ribbons. (b) The original drag force distribution for the FCC case of ap/ac=1/50. 
7.1.2 Example 2 
In this example, a cluster of 20 suspended fine particles is considered. This cluster is consisted of 
fine particles of the size ap/ac=1/50, and placed in the FCC pack.  
Figure 7.5 shows the surface mesh of these particles. As seen, these suspended fine particles are 
in three rows of constant polar angles. The middle row is consisted of seven fine particles, five of 
which are surrounded by neighboring fine particles on their left, right, back and front directions. 
Comparing the drag forces experienced by these five particles  in the cluster setting with the drag 
force results obtained via individual simulations, significant difference are seen (Figure 7.8). The 
presence of neighboring particles causes 39% to 12.5% drop in the drag force values experienced 





Figure 7.5 The twenty-fine-particles-culster used in Example 2. It is consisted of three rows of 
fine particles, each row of fines of the same central polar coordinate. This image shows the 
surface mesh. 
Figure 7.6 shows the five fine particles of the middle row which are surrounded by neighboring 
fines.  
 
Figure 7.6 The five suspended fine particles of the middle row in the cluster, which are 





Figure 7.7 Drag force values on the five fine particles of the middle row in both cluster and 
individual settings 
7.2 Lift Indicator  
A simple measure to learn how likely a suspended fine particle is to move away or toward the 
surface of the collector particle involves knowing how the direction of the normal vector – 
perpendicular to the suspended fine particle, and parallel to the vector connecting the center of 




The result of the dot product of the unit normal to the fine particle and the unit drag force vector 
is helpful in this regard. If the result of the dot product is less than 0, it means the two vectors are 
not parallel, therefor, no lift-up, or moving away from the collector surface will occur. However, 
if the result of the dot product is greater than zero, then it can be concluded that the fine particle 
could move away from the surface of the collector particle. It should be noted that the maximum 
values of this dot product is 1, as two unit vector are being multiplied. (The dot product result is 
the cosine of the angle formed between the drag force vector and the surface vector.) 
Figure 7.8 shows the results of lift-up analysis for the suspended fine particle of case 1/100 of the 
BCC pack.  
 
Figure 7.8 The distribution of the cosine values of the angles between the unit drag force vector 
experienced by the suspended fine particles (142 suspended fine particles) and their unit normal 




It is inferred from Figure 7.8 that the fine particles positioned in the circulation zone, formed at 
the north pole of the collector particle, are unlikely to move away (particle indices 1 to 11 in 
Figure 7.8).   
The results of a similar analysis for the FCC case of ap/ac=1/100 are shown in Figure 7. 
(Reminder: No circulation zone is formed in the FCC packs.) 
 
Figure 7.9 The distribution of the cosine values of the angles between the unit drag force vector 
and the unit normal of the suspended fine particles (136 fine particles) analyzed in the FCC case 
of ap/ac=1/100.   
As seen in Figure 7.9, the suspended fine particles near the pole of the collector particle in the 
FCC pack behave differently than the fine particle positioned in the same region in the BCC 
pack. In the FCC pack, these particles are likely to move away from the collector particle unlike 
the BCC case. Particle index 1 had a lift indicator of almost 1, which implies this particle will 




Overall comparison of the BCC case to the FCC case shows how significant the effect of the 
circulation zone on the direction of the lift influencing the fine particles is.  
The results of a similar analysis of the lift forces regarding the case of collector particle 1 of the 
random pack are shown in Figure 7.10. 
 
Figure 7.10 The distribution of the cosine values of the angles between the unit drag force vector 
and the unit normal of the suspended fine particles (825 fine particles) analyzed in disordered 
case of ap/ac=1/100.   
As evident in the bar plot of Figure 7.10, the fine particles close to the north pole of the collector 
particle (particle indices 1 to 40) have the same sign of the lift indicator values as the fine 
particles near the north pole of collector particle in the FCC pack (particle indices 1 to 30 in 
Figure 7.9).  
Figure 7.11 shows the distribution of the lift indicators for the similar case but they are plotted 
versus the polar angle of the suspended fine particles. Moreover, the polar distribution of the 






Figure 7.11 (a) Distribution of lift indicators for the suspended fine particles of collector particle 
1 of the ap/ac=1/100 case of the disordered domain versus their polar coordinates. (b) The polar 
distribution of the drag forces experienced by the same suspended fine particles.  






Chapter 8: Future Work  
Analyzing the drag force distribution on suspended fine particles in real porous media can be 
performed using the same methodology employed in this work. It is important to learn how 
viable the general conclusion obtained in this work regarding the deviations from the Stokes law 
are in real porous media.  
Additionally, using the same methodology of this work, the behavior of clusters of suspended 
fine particles can be vigorously studied. Moreover, the behavior of clusters of particles when 
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